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ABSTRACT
Engineering economic analysis techniques are used to evaluate projects and make
appropriate decision in capital budgeting. Conventional projects can be solved by the traditional
methods such as the net present value (NPV) and internal rate of return (IRR) methods. These
methods may not work in evaluating non-conventional projects. Kulakov and Kulakova (2012)
have presented the generalized net present value (GNPV) method for such projects. They have
illustrated the method with three examples: a project of 2-year life with multiple IRRs, a project
of 2-year life without IRR, and a project of 3-year life with a unique real-valued IRR which is
not the rate of return. The purpose of the present study was to test the validity and feasibility of
the GNPV method in evaluating other non-conventional projects with longer life. The method
was used to evaluate five scenarios or problems with up to 10-year life. First problem was a
project for 5-year life with multiple IRRs. Second was a project for 7-year life with multiple realvalued IRRs, which were not the rate of return. Third was a project for 10-year life with a
positive and a negative IRR meaning the positive value was the unique IRR. Fourth was a project
for 7-year life with a salvage value and a unique IRR. Fifth was a staged expansion project for
10-year life with a unique IRR. It was concluded that the GNPV method worked in all the five
cases considered. Advantages of the GNPV method were noticed in agreement with Kulakov and
Kulakova (2012) that i) the minimum attractive rate of return (MARR) was not required to find a
solution of the problem; ii) the internal (financing) rate may be different from the external
(reinvestment) rate as happens in real world; and iii) internal and external rates are not
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necessarily required for solution, but are required for evaluation of the projects. One
disadvantage was observed that the computational work in some cases may be overwhelming. 	
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Chapter 1
INTRODUCTION
It is well known to everyone that money, as the medium of exchange, plays an important
role in each field and promotes the processes of various activities. When this medium is related
to engineering, the concept of engineering economy is derivate to evaluate “the monetary
consequences of the products, projects, and processes that engineers design” (Eschenbach,
2003). In other words, engineering economy deals with decision-making to find the best
alternatives of the projects for the company.
Decision-making is an essential part in both technology and economic aspects, even in
human daily activities, and it is also an important supervision skill in management. Various
techniques in technology and economic areas have been implemented and proved to be valid for
years, such as engineering economic analysis, which is “most suitable for intermediate problems
and the economic aspects of complex problems” (Newnan, Eschenbach, and Lavelle, 2012). The
main goal for engineering economic analysis is to achieve the maximum economic profit. As the
main object of engineering economic analysis, engineering projects aiming at pursuing the
greatest investment reward, should cautiously follow specific disciplines, reasonably allocate and
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utilize resources, and efficiently improve the validity and efficiency of the projects (Newnan et
al., 2012).
In engineering projects, the initial and primary procedure is to determine the best
alternative, which is one main decision-making process involved with financial management and
it may affect the survival and growth of the company (Eschenbach, 2003). During the decisionmaking process, engineering economic analysis is applied to estimate current and future values,
cost and benefits, and evaluate the criteria to choose the best alternative for the company. To
avoid some huge financial risks, specific analysis methods and techniques to evaluate projects
and analyze budgets are formed and improved as time goes by.
There are many evaluation methods of engineering economic analysis according to
Newnan et al. (2012) and Eschenbach (2011), and researchers and engineers are still developing
new methods. In the review of Correia (2012), he stated several techniques used in evaluating
projects and capital budgeting. Newnan et al. (2012) also indicate that engineering economic
analysis is making current decisions based on the prospective consequences. As engineering
economic analysis has undergone academic developments, the application of engineering
economic analysis is fairly systematical. However, practical barriers still exist when applying
engineering economic analysis in reality.
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One such difficulty arises in dealing with non-conventional projects, which may not be
solved by the traditional engineering economic analysis methods such as the net present value
(NPV) method and internal rate of return (IRR) method. Non-conventional engineering projects
are projects that may have more than one sign change in cash flows and may have more than one
real value of the rate of return at which NPV = 0, no real value for the rate of return, and one or
more real roots for NPV =0 but none of the roots are the rate of return according to Kulakov and
Kulakova (2013). These projects of the firm may not have unique solutions. Similarly, in the
article of Chang and Swales Jr. (1999), they defined non-normal projects as which have “at least
one cash outflow subsequent to one or more cash flows”. Based on the researches of Bierman Jr.
and Smidt (1993), Cannaday, Colwell, and Paley (1986), Gronchi (1986), Hajdasinski (1987),
Hazen (2003), Soper (1959), and Teichroew, Robichek, and Montalbano (1965), Kulakov and
Kulakova developed the generalized net present value (GNPV) method for those nonconventional projects.

General Statement of the Problem
The primary focus of the study is to test the validity and feasibility of the generalized net
present value (GNPV) method implementation in non-conventional engineering project
alternative evaluations.
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There are a number of methods and techniques to evaluate the feasibility of a project,
such as the net present value (NPV) method, internal rate of return (IRR) method, modified
internal rate of return (MIRR) method, and project balances over time (PBt) method. Take the
IRR method for example, the IRR method could be displayed by the plot of NPV of the project
versus interest rate to find the interest rate at which NPV equals zero. This rate is called IRR,
which is used to evaluate the feasibility of the project. Net present value (NPV) is also referred to
as net present worth or simple present worth (PW). When the project is complicated or nonconventional, it turns out that the IRR method may find multiple interest rates for which NPV
equals zero, which requires further evaluation. Furthermore, most of those methods regard
internal rate of return the same as external rate of return, which is not practical when dealing
with real engineering projects. Internal rate of return represents the financing rate at which the
company benefits when borrowing money from the bank, while external rate of return represents
the reinvestment rate when the company reinvests in the project, as mentioned by Kulakov and
Kulakova (2013). The GNPV method provides direct solution to evaluate the feasibility of the
project, as well as it deals with internal and external rates of return in one method.
For non-conventional projects, sometimes the IRR method, NPV method and PBt method
may not be efficient enough to give an exact evaluation, so the MIRR method can then be
applied. However, the MIRR method would be only as realistic as the external rates that are
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used, as mentioned by Newnan et al. (2012). That is to say, the MIRR method needs to have an
identified external investing rate and financing rate that are already assumed. If not, the value of
MIRR is not certain.
Therefore, this research investigates if the GNPV method can yield a solution in all such
cases. External rate (reinvestment rate) and internal rate (financing rate) are not necessarily
required in the GNPV method, but are required for evaluation of the projects. In the nonconventional projects analyzed in this research, the GNPV method is used to determine a range
when the project is going to be attractive or unattractive to the firm.

Statement of Hypothesis
The hypothesis of the study is that the generalized net present value (GNPV) method is
broadly applicable in non-conventional engineering projects, and that by using the GNPV
method, the solution of alternative evaluation is more precise.

The Delimitation
The delimitation of this study is that the interest rate of the bank and the company are
assumed according to the market to complete the evaluation.
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The Limitations
This study is limited to the extent that any project provides accurate cash flow during the
project period, and that the method is able to evaluate the project instead of computing a rate of
return; therefore, conclusions reached in this study may not yield a specific value but will give
evaluation criteria for the project.

The Definitions of Terms
GNPV method, the generalized net present value method, generalizes the NPV method
using the finance rate for positive present values and the reinvestment rate for negative present
value (Kulakov and Kulakova, 2013).
NPV represents net present value and measures the return on investment by using the real
value of money. The NPV method is the synonym of net present worth criteria that represents the
present worth of benefits minus the present worth of cost (Newnan et al., 2012).
GIRR, representing generalized internal rate of return, is to evaluate the investment
project (Kulakov and Kulakova, 2013).
GERR, representing generalized external rate of return, is to evaluate the loan project
(Kulakov and Kulakova, 2013).
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IRR represents internal rate of return and shows the return earned on the investment. The
IRR method is to find the interest rate when the benefits are equivalent to the costs, or the
present value equals 0 (Newnan et al., 2012).
Cash flow summarizes the costs and benefits of the engineering projects in each project
period. Cash flow is usually presented by the amount of money per period in a table or diagram
(Newnan et al., 2012).
Internal discount rate, r as symbol, shows the financing rate of the company in the
project when applying engineering economic analysis. A company benefits at this rate of return
when borrowing money from the bank (Kulakov and Kulakova, 2013).
External discount rate, p as symbol, shows the reinvestment rate of the company in the
project when implementing engineering economic analysis. A company reinvests at this rate of
return with free funds of the company (Kulakov and Kulakova, 2013).
Capital budgeting is one process of decision-making to choose the best alternative design
using engineering economic analysis (Eschenbach, 2003).

Assumptions
Assumptions of the study are as follows:
1. Cash flows occur at the end of each period.
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2. Interest rate and cash flows estimated at the beginning of the project do not change over the
duration of the analysis period.
3. Interest rate and cash flows reflect the true values of projects in the real world.
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Chapter 2
REVIEW OF LITERATURE
Overview
In an attempt to apply the GNPV method to practical projects, it is necessary to
understand a variety of principles related to GNPV and the engineering economy.
Basically, the GNPV method is introduced by Kulakov and Kulakova (2013), who stated
that the GNPV method could consider any non-conventional projects as investments or as loans.
In their paper, the GNPV method is explained with formulas and diagrams, which is going to be
introduced with detail in the next chapter. The GNPV method has been presented by Kulakova
and Kulakov (2012) and Kulakov and Kulakova (2013) with a complete theoretical structure and
is applied to non-conventional projects with multiple IRRs, without IRRs, and with a real-valued
IRR that is not the rate of return, and multiple alternatives. They indicated that their GNPV
method was developed based on the method of Bierman Jr. and Smidt (1993). However,
Kulakova and Kulakov (2012) and Kulakov and Kulakova (2013) implemented this method on
simple projects having a short cash flow period (3-4 years). In this study, the GNPV method has
been applied to more complicated projects with a longer cash flow period (5-10 years). The main
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purpose of this study is to verify that the GNPV method can be used in decision-making for real
projects that include non-conventional projects.
According to Kulakov and Kulakova (2013), the NPV and IRR methods in application to
real projects have several shortcomings and limitations. For example, the NPV and IRR methods
may give different results when the project involves multiple real values of IRRs (i.e., roots of
the equation NPV = 0), no real-valued IRR, and one or more real roots for NPV =0 but none of
the roots are the rate of return. Furthermore, the IRR method has a limitation that the interest
rates are assumed to be constant during cash flow period, which may not be true in real projects.
Similarly, Barney Jr. and Danielson (2004) introduced a cash-flow timing measure,
because they believed that timing differences in cash flow could get multiple results using the
NPV and IRR methods to evaluate the projects. For example, some projects with a lower IRR
may have a higher NPV, which is proved in the book of Newnan et al. (2012) as well. In the
research of Barney Jr. and Danielson, Beaves’s GNPV method was applied to develop the cashflow timing duration method. They also stated that the duration method was established for
evaluation in a less perfect market, as many other researchers mentioned that an actual project
has more complicated factors to evaluate than idealized projects.
In the article of Tang and Tang (2003), they pointed out that IRR is a financial indicator
and NPV is an economic indicator of investment. They compared the IRR and NPV methods
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applications in different cases. However, Hajdasinski (2004) analyzed the evaluation of Tang and
Tang and pointed out that the application of ranking IRRs didn’t give the equal evaluation
environment.
Additionally, Park et al. (2009) compared some common financial evaluation methods in
their article. They pointed out that the cash flows of the actual construction industry projects are
non-conventional because of the owner’s consideration. As a result, IRR is not applicable in
these projects.
Biondi (2011) in his paper mentioned that the application of a single discount rate in a
project is significant only when the financial market is assumed as perfect. Many factors in
financial market may cause the over estimation or the under estimation when evaluating the
project. He proposed the flow method in his research to approach the generalized returns.
Also, Chiu and Escalante (2012) developed the Generalized Relative Rate of Return
(GRRR) to determine unique rate when outside resources may affect the project. They also
mentioned that their GRRR method could provide the maximum cost of capital to keep the
project attractive, which has more advantages than the NPV method.
Furthermore, Mian and Velez-Pareje (2007) illustrated the application of Weighted
Average Cost of Capital (WACC) to evaluate projects and the capital budgeting process. They
emphasized the pitfalls and misuses of the WACC and suggest the company be aware when
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making decisions. In their research, they mentioned that the discounted cash flow (DCF)
approach is the primary technique for a number of companies in decision-making process, which
is also indicated by Shrieves and Wachowicz Jr. (2001).

General Introduction of Common Engineering Economic Analysis Methods
NPV Method
As Newnan et al. (2012) included in their book, the NPV method is to compare different
alternatives and choose the one in which present value of benefits minus present value of costs
has the maximum value at specific minimum attractive rate of return (MARR). The equation is
represented as:
NPV = PV of benefits – PV of costs
However, Beaves (1988) pointed out that the NPV is not applicable when the
reinvestment rate is different from the firm’s opportunity cost. The NPV method is suitable for
idealized projects that consider values or funds as the major factor.
Moreover, Johar, Carmichael, and Balatbat (2010) examined the correlations between
costs and benefits, which could be used in probabilistic NPV analysis. This indicates that further
researches about the engineering economic analysis are still developing and this may help the
improvements of these techniques.
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IRR Method
IRR represents internal rate of return and is defined as “the interest rate earned on the
unrecovered investment such that the payment schedule makes the unrecovered investment equal
to zero at the end of the investment’s life” (Newnan et al., 2012). The IRR method is to find the
internal rate of return at which the benefits are equal to the costs, or the present value is zero.
The format of equation used in IRR method is as follows:
PV of benefits – PV of costs = 0
Or, NPV = 0
NPV is also referred as net present worth (NPW) or simply as present worth (PW).

Net	
  Present	
  Worth	
   (Thousand	
  $)	
  

Figure 2-1 shows the plot of the IRR method, in which i* reflects the value of IRR.
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Figure 2-1: Plot of NPW versus interest rate i of the IRR method.
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The IRR method could be limited when the result turns out to be no IRR or more than
one IRR in the project. Then, extra methods should be applied to analyze the project. These
flaws were indicated in the research of Magni (2010), and he also indicated the application of
average internal rate of return (AIRR).
According to Chiang, Cheng, and Lam (2010), they evaluated the IRR method for private
finance initiative (PFI) contracts. They pointed out that PFI contracts have uneven cash flows,
thus multiple IRRs may occur and cause difficulty to evaluate the project. However, Ben-Horin
and Kroll (2012) came to a conclusion that the problem of multiple IRRs is uncommon in “cash
flow structures that have basic economic appeal to practitioners”.
Furthermore, Kim and Reinschmidt (2012) applied the second-moment approach to
obtain the distribution of the IRR, which could be used as an efficient tool for probabilistic IRR
analysis.

MIRR Method
MIRR represents modified internal rate of return, which is included in the book of
Newnan et al. (2012). The IRR method generally computes a value for IRR assuming that the
investment rate and financing rate are the same, while the MIRR method uses two external rates
of return to find a unique rate of return, MIRR. In the MIRR method, two external rates of return
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respectively represent external rate for investing, einv, and for financing, efin. The equation used
to solve MIRR is as follows:
(F/P, MIRR, n)

! 𝐸! (P/F, efin,

t) =

! 𝑅!

(F/P, einv, n-t)

where t represents each period, n is the project life, Et is a single net expense and Rt is a single
net receipt in each period (t). F/P represents future value and P/F shows present value, and MIRR
is the rate of return at which present and future values are equivalent.
According to Lefley (1997), the development of the MIRR method could address some
flaws of the IRR method. Then, Lefley (1998) gave additional support of MIRR and stated that
MIRR was an improvement of IRR. Keef and Olowo-Okere (1998) agreed with Lefley that
MIRR had its advantage but doubted about the supervision position of MIRR over IRR.
Furthermore, the MIRR method has a limitation that MIRR is determined by assuming external
investing and financing rates. Hence, the result is only as realistic as the external rates that are
used (Newnan et al., 2012). In other words, the MIRR value depends on the external rates and
cash flows, and how realistic they are.
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Project Balances Over Time (PBt) Method
As Eschenbach (2011) introduced in his book, PBt represents project balances over time,
which is shown as the amount owned in each period for loan projects and the unrecovered
investment balances for investment projects. The project balances over time are computed using
a root of the PW = 0 equation. If all values of PBt are less than or equal to zero, the root is an
IRR for an investment. If all values of PBt are greater than or equal to zero, the root is an IRR for
a loan.
The equation for PBt method is as follows:
PBt = PBt-1 (1+ IRR) + CFt
where PBt represents project balances at the end of the period t, CFt represents cash flow at the
end of period t, and IRR is the internal rate of return (IRR).
In the research of Dearing and Helgason (2010), they verified that the project balances
method to be efficient. Furthermore, they developed a convenient computational method to
determine the rate of return using the PBt method.
However, according to Eschenbach (2011), the PBt method is valid when there is a
unique IRR. Furthermore, the PBt method may not be valid in projects, which is a mixture of
investment and loan, and then Eschenbach has recommended the approach of MIRR.
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Summary of the State of the Art
The review of literature indicates that the applicability verification of the GNPV method
in non-conventional projects is necessary. Given the success of the GNPV method application,
the technique would allow for the development of engineering economic analysis for nonconventional project evaluations.
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Chapter 3
METHODOLOGY
Overview
Chapter 1 described the objective and problem statement of this study, while the second
chapter introduced its relevant application areas and other engineering economic analysis
methods. In order to effectively implement the GNPV method in practical projects, the
methodology of the research efforts needs to be defined and stated accurately and with detail.
This chapter defines and explains the GNPV method as well as bringing out the GNPV diagram,
which shows the evaluation straightforward. The projects that need to be evaluated in this study
are also described in this chapter.

Description of the GNPV Method
The generalized net present value (GNPV) method uses cash flow that is reversed from
the end to the beginning of the project. Suppose a project has cash flows CFi, i = N, N-1, …, 1, 0.
A project cash flow format is shown in Table 3-1.
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Period

N

N-1

…

2

1

0

Cash Flow

CFN

CFN-1

…

CF2

CF1

CF0

Table 3-1: Cash flow format.
Then, the project’s present value at time i is represented as follows:
PVN = CFN;
PVi =

!"!!!
!!!

+ CFi, when PVi+1  > 0; otherwise, PVi =

!"!!!
!!!

+ CFi,

where i = N-1, …, 1, 0;
PV0 = GNPV (r, p),
where r and p represent internal and external discount rates, specifically r is financing rate
(opportunity cost) and p is reinvestment rate.
The procedure of the GNPV method is to apply the equations above to all the periods
from N to zero, and comes up with a generalized net present value, which equals to PV0. After
that, this equation is given a zero value to obtain a functional relationship between r and p, which
could be represented as:
GNPV (r, p) = PV0 = 0
To solve this equation, two forms of function could be expressed as r = r (p) and p = p (r)
according to the objective of non-conventional project evaluation.
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When the company is applying the evaluation of investment project, r = r (p) is used to
determine the rate of return of the investment project, in which the rate of return is called
generalized internal rate of return (GIRR). Otherwise, p = p (r) is to determine the effective rate
of return in a loan project, in which the rate of return is called generalized external rate of return
(GERR).

GNPV, GIRR, and GERR Rules for Non-conventional Project Evaluation
Kulakov and Kulakova (2013) summarized a set of GNPV, GIRR, and GERR rules to
evaluate non-conventional projects, which is specified as follows:
1. The GNPV decision rule. Accept the non-conventional project when GNPV is
positive, i.e. GNPV(r, p) > 0; otherwise reject it. Among independent non-conventional projects
to choose from, accept the project as an investment with the highest positive GNPV which
corresponds to the lowest GNPV curve, while accept the project as a loan with the lowest
positive GNPV corresponding to the highest GNPV curve.
2. The GIRR decision rule. When GIRR with the given reinvestment rate p is higher
than the finance rate r: GIRR (p) > r, accept the investment project. For independent nonconventional projects, accept the investment project with the highest GIRR (p) and the given
reinvestment rate p.
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3. The GERR decision rule. When GERR with the given finance rate r is lower than the
reinvestment rate p: GERR (r) < p, accept the loan project. For independent non-conventional
projects, accept the loan project with the lowest GERR (r) and the given finance rate r.

Graphical Method of Non-conventional Project Evaluation (the GNPV Diagram)
The GNPV, GIRR, and GERR rules will be reflected directly when applying into a
GNPV diagram. The following is an example of evaluating a project using GNPV method. Table
3-2 shows the cash flow of the project, included in the article of Kulakov and Kulakova (2012).
Period

2

1

0

Cash Flow

-220

310

-100

Table 3-2: Cash flow of the project.
The process of using GNPV method is as follows:
PV2 = -220
PV1 =

!!!"
!!!

+ 310; since

!!!"
!!!

is between -220 and -110 and p is between 0% and 100%,

PV1 is positive. Then,
PVo =

!"!
!!!

− 100 =

!!!"
!310
!!!

!!!

− 100 = GNPV (r, p)

Assume GNPV (r, p) = 0, then an equation is formed as follows:
!.!

p = -1+  !.!!!
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A GNPV (r, p) = 0 plot could be constructed which is shown in Figure 3-1. In this figure,
the solid line indicates the diagram for the equation GNPV=0 and the dashed line shows r = p,
which is the assumption in the IRR method.
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Figure 3-1: Plot of equation p = -1+  !.!!!.
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The project assumes a financing rate (r) of 20% and a reinvestment rate (p) of 50%.
Evaluation of the project is displayed in Figure 3-2 with more clarity.

GNPV Diagram
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Figure 3-2: Graphical method of non-conventional project evaluation.
In Figure 3-2, area above the solid line represents positive GNPV, while below is
negative GNPV. The point (20%, 50%) shown as a circle in green color is in the area of positive
GNPV, so the non-conventional project is acceptable based on the GNPV decision rule. When
we are considering an investment project, the diagram indicates GIRR (at p=50%) to be 60%,
which is larger than the value of r = 20%, so the project is acceptable based on the GIRR rule.
Likewise, when we are considering a loan project, the diagram indicates GERR (at r=20%) to be
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16%, which is smaller than the value of p = 50%, so the project is acceptable based on the GERR
rule.

Application of the GNPV Method
In the following section, the GNPV method has been applied onto different projects with
multiple sign changes in the cash flows and having cash flow periods of 5 – 10 years. These nonconventional project problems have been taken from the books of Newnan et al. (2012) and
Eschenbach (2011).
1. Going aircraft company project (Newnan et al., 2012, p 255). The company will pay $19
million for the project when the contract is signed and $10 million a year later. Then
estimations cost $50 million each for the next two years. The project will begin to gain profit
of $20 million in year 4 and $ 60 million for year 5. The method used in the book gave two
positive roots at which NPV = 0. Since there are two real roots, another method is needed to
solve this problem.
2. Oil well project (Newnan et al., 2012, p 258). The project will spend $4 million to add an oil
well. The well will increase recovered oil by $3.5 million and gradient decrease by $1
million for the following six years. In the end of year 7, the oil recovered is by -$2.5 million.
The method used in the book found two positive roots at which NPV = 0, but neither roots
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are useful. Neither the roots could be used as IRR because the project is neither an
investment project where the company could get a higher IRR, nor a loan project where the
company could get a lower IRR. The project is a combination of investment and loan, and
another method is needed to make a decision.
3. 10-year period project (Newnan et al., 2012, p 259). The project has a first cost of $120,000
and an expansion cost of $60,000 in year 5. Net revenues start at $30,000 in year 1 and
gradient increase by $2000 per year. Although there is more than one sign change, the
method used in the book found one positive root at which NPV = 0 and this value can be
used as an IRR.
4. Project with a salvage cost (Newnan et al., 2012, p 260). The project starts with a cost of
$180,000 and has a salvage cost of $70,000. It gains equal annual revenues from year 1 to
year 6. The method used in the book found one negative and one positive root at which NPV
= 0. This indicates the positive value can be used as an IRR and the negative value is useless.
If a project has a unique root for NPV = 0 and this is negative, this can be IRR of the project
and this means the project is not attractive. But when there are two roots: a positive and a
negative, generally the positive root is taken as an IRR (Newnan et al., 2012).
5. Staged expansion project, (Eschenbach, 2011, p 196). The project has a first cost of $100,000
and an expansion cost of $75,000 in year 5. It gains net revenues that start at $30,000 in year
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1 and increase by $1500 per year. The method used in the book found one positive root at
which NPV = 0 and this value can be used as an IRR. Moreover, the PBt method was also
used in the book and got the same results.

Even though in some of the above projects, the IRR or PBt method may work, the GNPV
method is used in this research to show the applicability of the method.
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Chapter 4
RESULTS AND DISCUSSIONS
Overview
Raw data for each of the five problems enumerated in Chapter 3 are presented in this
chapter. A step-by-step description of using the GNPV method is presented for the first problem
(Going Aircraft Company project) highlighting all the equations, computation of necessary
values, and corresponding graph. For the remaining problems, corresponding solutions and
graphs have been presented, but the details have been included in the appendix.

Analytic Technique
When applying the GNPV method, the original data (the cash flows) for each problem
were converted into expressions and turned to a function equation finally. The variables in the
GNPV method are r and p, which are interest rates and may range from 0 to 25% considering the
real world. In some cases, the final function turned out to be polynomial equation in high degree
requiring high technical computing software. Two major types of analytic techniques: MATLAB
and Microsoft Excel were utilized to compute the data pertaining to the GNPV method.
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MATLAB
MATLAB, the abbreviation of matrix laboratory, is commercial mathematics software
providing high level numerical computing environment and programming language. The
operation interface of MATLAB is shown in Figures 4-1.

Figure 4-1: The operation interface of MATLAB.

29

Microsoft Excel
Microsoft Excel is a commonly used program applying to calculate, graph and create
tables based on a spreadsheet platform. Microsoft Excel is suitable for solving equations
by its built-in functions, as well as plotting the function equation. The operation interface
of Microsoft Excel is shown in Figure 4-2.

Figure 4-2: The operation interface of Microsoft Excel.
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Description and Discussion of Findings
1. Going Aircraft Company Project for Five-Year Life with Multiple IRRs
The cash flow is shown in Table 4-1.
Period

5

4

Cash flow (M)

$60 20

3

2

1

0

-50

-50

10

19

Table 4-1: Going aircraft company project cash flow.
By applying GNPV method, the function equation is formulated as follows:
PV5 = 60,
!"

PV4 = !!!+ 20,
PV3 =
PV2 =
PV1 =
PV0 =

!"!!"(!!!)
(!!!)!

-50,

!"!!" !!! !!"(!!!)!
(!!!)!

– 50,

!"!!" !!! !!" !!! ! !!" !!! !
!!! ! (!!!)

+ 10,

!"!!" !!! !!" !!! ! !!" !!! ! !!" !!! ! (!!!)
(!!!)! (!!!)!

+ 19.

Make GNPV (r, p) = PV0 = 0, then
GNPV (r, p)
= 60 + 20 1 + 𝑟 − 50 1 + 𝑟
        19 1 + 𝑟
=0

!

1+𝑝

!

!

− 50 1 + 𝑟

!

+ 10 1 + 𝑟

!

1+𝑝 +
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Equations for PV5, PV4, … and PV0 are also given in Appendix A.
GNPV diagram was plotted by MATLAB and is displayed in Figure 4-3. The code for
the plot in MATLAB is shown in Appendix B.

Figure 4-3: GNPV diagram of going aircraft company project.
Project 1 is a 5-year investment project. The GNPV method was applied to evaluate the
investment. As shown in Figure 4-3, the GNPV = 0 curve crosses r = p line of the IRR
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method at two places: r = 10.24% and r = 47.30%. These two values of IRR are the same as
found in Newnan et al. (2012). Since there doesn’t exist a unique value of IRR, the IRR
method alone cannot help in decision-making.
With the GNPV method, the usability of IRR values is not the criteria to evaluate the
project. However, the evaluation is based on the financing (r) and reinvestment (p) rates of
return that the company has. Consider two points with different (r, p) values in Figure 4-3: A
(r = 20%, p = 30%) and B (15%, 18%). The two sets of values indicate that the project will
borrow money at the financing rates of return of 20% and 15%, respectively.
Meanwhile, 30% and 18% are the reinvestment rates of return for the company to
reinvest in other projects. By applying the GNPV rules, alternative A will be accepted
because it lies in the area of GNPV > 0. According to the GIRR rule, GIRRA is greater than
rA = 20%, which shows alternative A should be accepted as a reinvestment project. Similarly,
alternative A could also be accepted as a loan project since GERRA is smaller than pA = 30%.
On the contrary, alternative B lies in the area of GNPV < 0, which suggests that it should be
rejected.
Furthermore, if the company needs to compute two alternatives that are both lying in the
area of GNPV > 0, evaluations can be done using the GIRR or GERR rules. In case of
investment projects, accept the alternative with the highest GIRR (p) and the given
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reinvestment rate p. In case of loan, choose the project with the lowest GERR (r) and the
given finance rate r. These rules should be generally followed in most of the projects.
As a conclusion, the GNPV method is recommended since the IRR method is not
applicable to evaluate this project. The GNPV method could show a range of financing and
reinvestment rates of return instead of giving a unique rate of return for the project. When the
company has unique financing and reinvestment rates of return, the GNPV method is able to
determine whether the project is attractive or unattractive. When the company has no unique
financing and reinvestment rates, the GNPV diagram gives a range or region where GNPV >
0 and the project is attractive. The region where GNPV < 0, the project is unattractive.

2. Oil Well Project for Seven-Year Life with Multiple IRRs and Without the Rate of
Return
Table 4-2 shows the cash flow of the project.
Period

7

6

5

4

3

2

1

0

Cash flow (M)

$-2.5

-1.5

-0.5

0.5

1.5

2.5

3.5

-4

Table 4-2: Oil well project cash flow.
By applying GNPV method, the function equation is formulated as follows:
GNPV (r, p)
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= −2.5 − 1.5 1 + 𝑝 − 0.5 1 + 𝑝
                                    3.5 1 + 𝑝

!

1+𝑟 −4 1+𝑝

!

!

+ 0.5 1 + 𝑝
1+𝑟

!

+ 1.5 1 + 𝑝

!

+ 2.5 1 + 𝑝

!

+

!

=0
Equations for PV7, PV6, … PV0 are presented in Appendix A.
GNPV diagram is plotted by MATLAB as shown in Figure 4-4. The code for the plot in
MATLAB is also shown in Appendix B.

Figure 4-4: GNPV diagram of oil well project.
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Project 2 is a 7-year project, which is a combination of an investment and a loan. The
GNPV method was applied to evaluate the project. As shown in Figure 4-4, the GNPV = 0
curve crosses r = p line of the IRR method at two places: r = 4.73% and r = 37.20%. These
two values of IRR are the same as found in Newnan et al. (2012). Even though the project
found multiple real-valued IRRs by applying the IRR method, but none of these was the rate
of return. Thus the IRR method alone could not help in decision-making.
Then, Newnan et al. applied the MIRR method in this project by assuming the rate of 8%
for borrowing money and the rate of 15% for investing. As a result, a MIRR value of 13.64%
was obtained by applying the MIRR method. However, the MIRR method assumes the two
rates, which indicates that the company has to apply this method every time when a new set
of rates requires evaluation.
With the GNPV method, the evaluation is simply shown in the GNPV diagram. Consider
two points with different (r, p) values in Figure 4-4: A (20%, 15%) and B (20%, 10%). The
two sets of values indicate that the project will borrow money at the financing rates of return
of 20%. Meanwhile, the company will reinvest at the reinvestment rates of return of 15% and
10%, respectively. By applying the GNPV rules, alternative A will be accepted because it
lies in the area of GNPV > 0. According to the GIRR rule, GIRRA is greater than rA = 20%,
which shows alternative A could be accepted as a reinvestment project. Similarly, alternative
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A could also be accepted as a loan project since GERRA is smaller than pA = 15%. On the
contrary, alternative B lies in the area of GNPV < 0, which suggests that it should be
rejected.
As a conclusion, the GNPV method is recommended for the evaluation of project 2 since
the IRR method was not applicable for this project as there were two values of IRR and
neither was the rate of return. The MIRR method was applicable in this case as presented in
Newnan et al. (2012). The MIRR method could only determine whether the project was
attractive or unattractive for the computed MIRR value based on the financing and
investment rates of return, which were assumed before. For a different set of financing and
investment rates, an MIRR value would need to be computed again. However, the GNPV
method as elaborated above doesn’t require that the financing and reinvestment rates have to
be decided before proceeding with the GNPV diagram. If the two rates are known, the GNPV
method can evaluate the project whether it’s attractive or unattractive; otherwise, it shows a
region where the project is going to be attractive.

3. Ten-year Period Project for Ten-Year Life with a Unique IRR
The cash flow is list as Table 4-3.
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Period

10

9

Cash flow (K)

$48 46

8

7

6

5

4

3

2

1

0

44

42

40

-22

36

34

32

30

-120

Table 4-3: Ten-year period project cash flow.
By applying GNPV method, the function turns out to be a polynomial equation with
degree of 10 and single variable, which is:
GNPV (r, p)
= 48 + 46 1 + 𝑟 + 44 1 + 𝑟
                    36 1 + 𝑟

!

+ 34 1 + 𝑟

!

!

+ 42 1 + 𝑟

+ 32 1 + 𝑟

!

!

+ 40 1 + 𝑟

!

− 22 1 + 𝑟

+ 30 1 + 𝑟 ! -120 1 + 𝑟

!

+

!"

=0
Equations for PV10, PV9, … PV0 are given in Appendix A.
The 10-degree polynomial equation for GNPV = 0 was solved analytically by MATLAB
(Excel could also be used). MATLAB yielded two real roots, r = 0.22 and r = -1.93.
However, in general, when a positive root is found, negative root is no longer useful
(Newnan et al., 2012). Thus, r = 0.22 root was the valid one.
The GNPV-r diagram was plotted in MATLAB and is shown in Figure 4-5. The code for
the diagram in MATLAB is given in Appendix B.
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Figure 4-5: GNPV-r diagram of ten-year period project.
Project 3 is a 10-year project. For this project, the GNPV regular diagram: p vs. r for
GNPV = 0 could not be plotted since the GNPV equation didn’t contain any term involving
the reinvestment rate, p. Therefore, GNPV vs. r diagram was plotted and GNPV = 0 line
crosses the curve at r = 21.69%, which is the same as the value of IRR found in Newnan et
al. (2012). In this case, since the IRR method found a positive root, this value should be used
as the rate of return, and the IRR method could be used to evaluate the project. The IRR
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method is simpler than that of the GNPV method in terms of calculations. However, it has
been shown here that the GNPV method was also applicable. It is evident from the GNPV-r
diagram, this project is attractive if the financing rate, r is less than the rate of return of
21.69%, and unattractive otherwise.
A concern of the GNPV method applicability in this project is that the GNPV equation
doesn’t include any term involving p. The reason for the absence of p may be due to the
lower negative cash flows in the project. Similar conclusion could be drawn for the absence
of r in the GNPV method may occur when the project has fewer or low positive cash flows.
Further research may be needed to discuss the reasons for missing p or r in the GNPV
equation and its impact on the project evaluation.

4. Project with a Salvage Cost for Seven-Year Life with a Unique IRR
Table 4-4 shows the cash flow of the project.
Period

7

6

5

4

3

2

1

0

Cash flow (K)

-70

50

50

50

50

50

50

-180

Table 4-4: Project with a salvage cost cash flow.
By applying GNPV method, the function equation is formulated as follows:
GNPV (r, p)

40

= −70 + 50 1 + 𝑝 + 50 1 + 𝑝
                    50 1 + 𝑝

!

1+𝑟

!

!

+ 50 1 + 𝑝

+ 50 1 + 𝑝
!

1+𝑟

!

!

1 + 𝑟 + 50 1 + 𝑝

− 180 1 + 𝑝

!

1+𝑟

!

1+𝑟

!

+

!

=0
Equations for PV7, PV6, … PV0 are presented in Appendix A.
GNPV diagram was plotted in MATLAB and is shown in Figure 4-6. The code for the
plot in MATLAB is shown in Appendix B.

Figure 4-6: GNPV diagram of project with a salvage cost.
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Project 4 is a 7-year project. The GNPV method was applied to evaluate the project. As
shown in Figure 4-6, the GNPV = 0 curve crosses r = p line of the IRR method at r =
10.45%. Referring to Newnan et al. (2012), the IRR values for this project were found to be
10.45% and -38%. However, when a positive root is found, negative root is no longer useful
(Newnan et al., 2012). Thus, IRR = 10.45% was the valid IRR, and the IRR method could be
used to evaluate the project.
In the GNPV method, the project could be evaluated using the GNPV diagram. Consider
two points with different (r, p) values in Figure 4-6: A (10%, 8%) and B (12%, 8%). The two
sets of values indicate that the project was borrowing money at the financing rates of return
of 10% and 12%, respectively. Meanwhile, the company was reinvesting at the reinvestment
rate of return of 8%. By applying the GNPV rule in Figure 4-6, point A lies in the area of
GNPV > 0, hence the project should be accepted. According to the GIRR rule, GIRRA is
greater than rA = 10%, therefore the project should be accepted as a reinvestment project.
Similarly, since GERRA is smaller than pA = 8%, the project should be accepted. On the
contrary, point B lies in the area of GNPV < 0, which suggests that the project should be
rejected.
As a conclusion, both the IRR and GNPV methods are applicable in this project. The IRR
method is simpler than that of the GNPV method in terms of calculations. However, the
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GNPV method has its advantage in yielding a range for (p,r) values in which the project is
attractive and p doesn’t have to be equal to r, which is the assumption in the IRR method.

5. Staged Expansion Project for Ten-Year Life with a Unique IRR
Table 4-5 shows the cash flow of the project.
Period

10

9

8

7

6

5

4

3

2

1

0

Cash flow (K)

$43.5

42

40.5

39

37.5

-39

34.5

33

31.5

30

-100

Table 4-5: Staged expansion project cash flow.
By applying the GNPV method, the function turns out to be a polynomial equation with
degree of 10 and single variable, which is:
GNPV (r, p)
= 43.5 + 42 1 + 𝑟 + 40.5 1 + 𝑟
                    34.5 1 + 𝑟

!

+ 33 1 + 𝑟

!

!

+ 39 1 + 𝑟

+ 31.5 1 + 𝑟

!

!

+ 37.5 1 + 𝑟

!

− 39 1 + 𝑟

+ 30 1 + 𝑟 ! -100 1 + 𝑟

!

+

!"

=0
Equations for PV10, PV9, … PV0 are given in Appendix A.
The 10-degree polynomial equation was solved by MATLAB and two real roots, r = 0.24
and r = -1.97 were obtained. As mentioned before, the positive root would be used.
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The GNPV-r diagram obtained in MATLAB is shown in Figure 4-7. The code for the
diagram in MATLAB is shown in Appendix B.

Figure 4-7: GNPV-r diagram of staged expansion project.
Project 5 is a 10-year project. For this project, the GNPV regular diagram: p vs. r for
GNPV = 0 could not be plotted since the GNPV equation didn’t contain any term involving
the reinvestment rate, p. Therefore, GNPV vs. r diagram was plotted and GNPV = 0 line
crosses the curve at r = 24.19%, which is the same as the value of IRR found in Eschenbach
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(2011). In this case, since the IRR method found a positive root, this value should be used as
the rate of return, and the IRR method could be used to evaluate the project. Eschenbach
(2011) has also used the PBt method to evaluate this project. The method has been described
in Chapter 2. He has shown that at root = 24.19%, all of the PBt values were less than or
equal to zero, hence this was an investment project and 24.19% was the unique IRR.
When a unique IRR can be found, the IRR method is simpler than that of the GNPV
method in terms of calculations. However, it has been shown here that the GNPV method
was also applicable. It is evident from the GNPV-r diagram, this project is attractive if the
financing rate, r is less than the rate of return of 24.19%, and unattractive otherwise.
A concern of the GNPV method applicability in this project is that the GNPV equation
doesn’t include any term involving p. The reason for the absence of p may be due to the
lower negative cash flows in the project. Similar conclusion could be drawn for the absence
of r in the GNPV method may occur when the project has fewer or lower positive cash flows.
Further research may be needed to discuss the reasons for missing p or r in the GNPV
equation and its impact on the project evaluation.
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Summary
This chapter has presented the description and discussion for the findings of the GNPV
method application onto different project problems. A summary of the research work is provided
in Chapter 5.
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Chapter 5
SUMMARY
Introduction
In the preceding chapter, data for the selected five non-conventional projects with
multiple sign changes in the cash flows and the findings using the GNPV method were
presented. These findings were discussed as well. In this chapter, summaries of the research
problem, method, and findings have been presented together with conclusions and
recommendations for future work.

Summary of Research Problem
The purpose of the research was to test the validity and feasibility of the generalized net
present value (GNPV) method implementation in non-conventional engineering project
alternative evaluations. Real-world projects are not as simple as idealized projects, thus an
evaluation method for non-conventional projects is worthy of development and validation.
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The hypothesis of the study was that the generalized net present value (GNPV) method is
broadly applicable in non-conventional engineering projects and that by using the GNPV
method, solution of alternative evaluation is more straightforward.

Summary of Method
The GNPV method involved in this research was introduced by Kulakov and Kulakova
(2012, 2013) to evaluate non-conventional projects. They illustrated the method with couple
examples. The GNPV method uses cash flow that is reversed from the end to the beginning of
the project. Suppose a project has cash flows CFi, i = N, N-1, …, 1, 0. Then, the project’s present
value at time i is represented as follows:
PVN = CFN;
PVi =

!"!!!
!!!

+ CFi, when PVi+1  > 0; otherwise, PVi =

!"!!!
!!!

+ CFi,

where i = N-1, …, 1, 0.
PV0 is taken as GNPV (r, p),
where r and p represent internal and external discount rates, specifically r is financing rate
(opportunity cost) and p is reinvestment rate.
Finally, GNPV (r, p) is equated to zero; i.e., PV0 = GNPV (r, p) = 0. Then, GNPV
diagram is plotted and GNPV rule, GIRR rule, or GERR rule is applied to evaluate the project.
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Kulakov and Kulakova (2012, 2013) used couple examples with shorter life. For this
research, five non-conventional projects with multiple sign changes and life of up to 10 years
were selected from the books of Newnan et al. (2012) and Eschenbach (2011) to test the
applicability of the GNPV method.

Summary of Findings
Results of findings and diagram applications were presented and discussed in Chapter 4.
The results indicated that the GNPV method was applicable in all the five scenarios to evaluate
project alternatives. Based on the findings it can be stated that the GNPV method is more
generalized and much broader. However, at times, number of steps required and corresponding
calculations in the method may become lengthier than the NPV, IRR, MIRR, and PBt methods.
Overall, limitations for this method are less than those of the traditional and other engineering
economic analysis methods.

Conclusions
Engineering economic analysis techniques are used to evaluate projects and make
appropriate decision in capital budgeting. Conventional projects can be solved by the traditional
methods such as the net present value (NPV) and internal rate of return (IRR) methods. These
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methods may not work in evaluating non-conventional projects. Newnan et al. (2012) and
Eschenbach (2011) suggested to use MIRR and PBt methods to evaluate such projects. However,
all these methods work with certain assumptions and have their own limitations. Therefore,
Kulakov and Kulakova (2012) have presented the generalized net present value (GNPV) method
to evaluate such projects. They have illustrated the method with three examples: a project of 2year life with multiple IRRs, a project of 2-year life without IRR, and a project of 3-year life
with a unique real-valued IRR which is not the rate of return. The purpose of the present study
was to test the validity and feasibility of the GNPV method on other non-conventional projects
with longer life. The method was used to evaluate five scenarios or problems with up to 10-year
life. It was concluded that the GNPV method worked in all the cases considered. This work has
found advantages of the GNPV method in agreement with Kulakov and Kulakova (2012) that i)
the minimum attractive rate of return (MARR) is not required, as is the case with the NPV
method, to find a solution of the problem; ii) the internal (financing) rate may not have to be
equal to the external (reinvestment) rate which is the basis for the IRR method; and iii) internal
and external rates need not to be assumed, as is the case with the MIRR method, to obtain GNPV
diagram, but these are required to determine if a specific project is attractive or unattractive. One
disadvantage to be noted is that the number of steps involved and corresponding computational
work in some cases may be overwhelming.
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Recommendations
Given the success of the GNPV method application in non-conventional projects,
practitioners can use this method to evaluate projects to determine if a particular project is
attractive or unattractive; or to select the best alternative among several alternatives. However,
further research is needed to make the GNPV method simpler or specific software can be
developed. Right now in some cases the number of steps and the associated computational work
are too lengthy. Also, in some cases involving very few negative cash flows in low amounts as
compared to more and high positive cash flows (or vice versa), GNPV (r, p) equation may not
contain both variables r and p, i.e. it may contain only one variable r or p. Future study can
quantify the range of p in which GNPV vs. r diagram can be used; similarly, the range of r in
which GNPV vs. p diagram can be used.
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APPENDIX A
Step-by-step implements of the GNPV method forming the equation of GNPV (r, p) = 0
will be shown in this section.
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APPENDIX B
The following is the code for the implementation of the GNPV diagram in MATLAB.
ezplot('60+(20*(1+r))-(50*((1+r)^2))(50*((1+r)^3))+(10*((1+r)^3)*(1+p))+(19*((1+r)^3)*((1+p)^2))=0',[0,1,0,1]);
view(90, -90)
hold on
ezplot('r=p')
grid on

ezplot('-2.5-(1.5*(1+p))(0.5*((1+p)^2))+(0.5*((1+p)^3))+(1.5*((1+p)^4))+(2.5*((1+p)^5))+(3.5*((1+p)^5)*(1+r))(4*((1+p)^5)*((1+r)^2))=0',[0,1,0,1]);
view(90, -90)
hold on
ezplot('r=p')
grid on
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r=0:0.001:0.3;
gnpv=48+(46*(1+r))+(44*((1+r).^2))+(43*((1+r).^3))+(40*((1+r).^4))(22*((1+r).^5))+(36*((1+r).^6))+(34*((1+r).^7))+(32*((1+r).^8))+(30*((1+r).^9))(120*((1+r).^10));
plot(r, gnpv)
grid on

ezplot('70+(50*(1+p))+(50*((1+p)^2))+(50*((1+p)^2)*(1+r))+(50*((1+p)^2)*((1+r)^2))+(50*((1+p)^2)
*((1+r)^3))+(50*((1+p)^2)*((1+r)^4))-(180*((1+p)^2)*((1+r)^5))=0',[0,.05,0,.15]);
view(90,-90)
hold on
ezplot('r=p')
grid on;
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r=0:0.001:0.3;
gnpv=43.5+(42*(1+r))+(40.2*((1+r).^2))+(39*((1+r).^3))+(37.5*((1+r).^4))(39*((1+r).^5))+(34.5*((1+r).^6))+(33*((1+r).^7))+(31.5*((1+r).^8))+(30*((1+r).^9))(100*((1+r).^10));
plot(r, gnpv)
grid on

