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ABSTRACT 

This study considered the impact of explicit teaching of misconceptions regarding randomness 

on cognitive growth of preservice teachers. Specifically, the purpose was to compile and validate 

instructional materials that facilitate preservice teachers’ conceptual understandings of 

randomness. The quasiexperimental design compared the cognitive effects of the instructional 

materials. Hence, in addition to the instructional materials, assessment instruments were 

compiled and validated. These items were intended to illuminate the cognitive growth resulting 

from the treatment instruction. The convenience sample of 67 students represented 

approximately one third of the teacher-education students enrolled in a mathematics education 

content course at this institution. Three sections were chosen and then two were randomly 

assigned to the experimental course (pooled to form one treatment group) that included a brief 

task-based module on misconceptions of randomness in the probability unit and one was 

assigned to the traditional course that did not include the experimental module. 

The participants were pretested and posttested for evidence of misconceptions regarding 

randomness. The data were analyzed using parametric and nonparametric tests for means and 

proportions. Results indicated that there were no significant differences found between the 

groups on total posttest scores; however, the treatment group did show a significant increase in 

scores from the pretest to the posttest (gain scores). An item analysis revealed significant 

differences between the groups’ posttest scores on three of the assessment items and a 

proportional analysis indicated that the treatment instruction had a significant effect on evidence 
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of two of the misconceptions. Explicit instruction on misconceptions may not be sufficient to 

overcome all invalid probabilistic reasoning involving randomness; however, it appears that 

addressing the common misconceptions of randomness has the potential to remedy preservice 

teachers’ mistaken ideas that lead to incorrect probabilistic reasoning and possible transmission 

of invalid reasoning to future students. 
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CHAPTER 1 

 

THE PROBLEM 

Stohl (2005) suggested that 

current efforts in teacher education are not sufficient. [There is a] need for more research, 

especially research related to the effectiveness of any newly developed teacher education 

or professional development efforts. Teacher educators should take what is known and 

make careful decisions about the creation of educational opportunities for teachers. 

Moreover, they should critically examine the effects of these developmental opportunities 

on teachers' knowledge and instructional practices. (p. 362)  

With the above points in mind, this research specifically attempted to address the effectiveness 

of instruction designed to develop preservice teachers’ conceptions of randomness. 

Purpose of the Study 

The purpose of this research was to compile and validate instructional materials that 

facilitate preservice teachers’ conceptual understandings of randomness. The quasiexperimental 

design compared the cognitive effects of the instructional materials. Hence, in addition to the 

instructional materials, assessment instruments were compiled and validated. These assessment 

items were intended to illuminate the cognitive growth resulting from the treatment instruction. 
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Research Questions 

This study sought to answer the following question: Does instruction that explicitly 

addresses preservice teachers’ misconceptions produce a better conceptual understanding of 

mathematical randomness than traditional instruction? 

The following are subquestions and served to guide the review of the related literature and 

governed both the quantitative and qualitative portions of this study: 

1. What kinds of conceptual understandings of randomness do preservice teachers bring 

into stochastic instruction? 

2. Do the compiled instructional activities appropriately elicit underlying 

misconceptions about randomness? 

3. Do the compiled instructional activities appropriately affirm correct conceptions 

about randomness? 

4. Do the compiled instructional activities successfully remedy wrong conceptions about 

randomness? 

5. Do the compiled assessment items appropriately measure cognitive growth regarding 

conceptions of randomness? 

Definition of Terms 

Conceptual inquiry. The examination of a concept for the purpose of exposing its unique 

characteristics. 

Didactical analysis. The systematic inspection of a topic in which a compilation of 

salient thought matter is then ordered for instructional presentation (Freudenthal, 1983). 

Full mastery. There is no evidence of the misconceptions of randomness or invalid 

probabilistic reasoning. 
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Generative instruction. The learner is the locus of control of the information processing 

(Smith & Ragan, 2005). 

Global. Consideration of numerous outcomes of a process. 

Heuristics. Conjectures made as a result of “exploratory problem-solving techniques that 

utilize self-educating techniques” (“Heuristic”, 2014, para. 1). 

Interrater reliability of scoring. Agreement of scoring among two or more raters 

Intrarater reliability of scoring. One rater’s consistency of scoring 

Intuition (Intuitive). “A cognition that appears subjectively as self-evident . . . . An 

intuitive cognition is distinguished from an analytically and logically based cognition by the 

feeling of obviousness [and] of intrinsic certainty” (Fischbein & Schnarch, 1997, p. 96). 

Local. Consideration of the individual outcomes of a process. 

Random. “Phenomena having uncertain individual outcomes but a regular pattern of 

outcomes in many repetitions” (Moore, 1990, p. 98). As this study will discuss, random 

phenomena have characteristics regarding variety, symmetry, patterns, control, and order. 

Run. A string of identical results.  

Student-centered instruction. Instruction characterized by a shift of focus from the 

instructor toward the students; often guided by student-initiated interests (Smith & Ragan, 2005). 

Supplantive instruction. The instruction is the locus of control of the information 

processing (Smith & Ragan, 2005). 

Traditional instruction. Small group activities and common topical progression of 

concepts in data analysis and probability, based on a survey of texts used by peer institutions of 

the study school. 
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Significance of the Study 

Randomness as a Fundamental Concept of Stochastics 

Stochastics is the domain of mathematics that collectively deals with probability and 

statistics. Attempts to quantify uncertainty, correlate actions, explore constructs, and/or 

generalize behavior not only permeate many areas of scientific knowledge, but also extend into 

several areas of life that involve seemingly random processes (Gal, 2002). The fields of 

medicine, manufacturing, insurance, information analysis, weather prediction, and education all 

involve the studying and interpreting of random processes. Randomness is foundational to an 

accurate understanding of probability and statistics, and essential for appropriate application of 

stochastics. Daily decisions such as traveling by car to a destination, plugging in an appliance, 

participating in sports activities, hunting, allowing children to participate in certain activities, and 

for some, purchasing a lottery ticket, all involve informal risk assessment that hinges on an 

intuitive sense of randomness. In short, educated decisions under uncertainty are stochastic 

decisions in which the idea of randomness plays a critical role. 

The Increased Focus of Elementary Mathematics on Stochastics  

In 2000, the National Council of Teachers of Mathematics (NCTM) updated the 

recommendations for reform (originally put forth in 1989) in the form of standards spanning 

Grades K-12. These instructional goals were explicated throughout nine major mathematical 

domains, one of which was stochastics. As a result of this reform in American schools, as well as 

similar reforms in Australia and England, “probability and statistics has [emerged] as a 

mainstream strand, and [as a result,] . . . research activity [has been accelerated] into the learning 

and teaching of probability across the grades” (Jones & Thornton, 2005, p. 79). 
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The Importance of Preservice Teachers’ Conceptions of Randomness 

Recent research (Batanero, Arteaga, Ruiz, & Roa, 2010; Begg & Edwards, 1999; Carnell, 

1997; Haller, 1997; Konold, 1991; Konold, Pollatsek, Well, Lohmeier, & Lipson, 1993; Watson, 

2001) has shown that teachers can hold the same misconceptions as their students with regard to 

probabilistic ideas. Thus, proactive instruction regarding preservice teachers’ conceptions of 

probability concepts may help to dispel misconceptions before they are transmitted to their future 

students. In other words, instruction that explicitly addresses mathematical misconceptions may 

contribute to the development of accurate conceptions and, eventually, intuitions. Also, this 

instruction can build a strong mathematical foundation from which future teachers can make 

well-informed curricular and instructional decisions. 

Where Current Preservice Teacher Curricula Fall Short Concerning Randomness 

Similarly to the Liu and Thompson (2002) analysis of secondary and college statistics 

and probability texts, a brief review of commonly used mathematics education curricula 

(Bassarear, 2005; Beckmann, 2011; Billstein, Libeskind, & Lott, 2004; Long, DeTemple, & 

Millman, 2012; Musser, Burger, & Peterson, 2008) reveals a lack of discussion about child, 

adult, or preservice teacher ideas concerning random phenomena. As previously mentioned, 

research has revealed that in-service teachers are not necessarily exempt from deceptive 

intuitions and, as will be documented in Chapter 2, preservice teachers are among students who 

hold strong misconceptions about randomness. The instruction developed in this study is 

composed of supplementary tasks that provide opportunities for explicit classroom discussion of 

the concept of randomness. The exposition of student ideas about randomness, and the 

subsequent attempt to dissolve any misconceptions, may aid in the development of correct 

intuitions needed for making decisions involving uncertainty. 
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The Appropriateness of Task-Based Instructional Design for the Contemporary 

Preservice Teacher 

The treatment instruction developed for this study is task based and involves student-

centered activities that promote conceptual inquiry. Specifically, a didactical analysis of the 

concept of randomness was performed and numerous tasks were compiled with the intention of 

exploring a few of the characteristics of randomness most relevant to preservice elementary 

teachers. 

Recently, researchers have deduced that the current generation of undergraduates may 

benefit most from student-centered, discovery-based educational theories that advocate learning 

in situ (Brown, 2000). These “millennials,” as they are called, have been characterized as being 

environmentally conscious, socially dependent, and open-minded concerning diversity and are 

anticipated to radically change American lifestyle (Howe, 2005; Jayson, 2006; Yan, 2006). 

These students have technological skills that surpass those of their instructors, and they are 

impressive multitaskers. They have been raised in a global society where diversity is encouraged 

and differing points of view are explored. A goal of instructional design, then, should be to 

create instruction that empowers math educators to more effectively communicate subject matter 

in a way that is “meaningful to the information-age learner” (Frand, 2000, p. 15). 

Delimitations 

1.  The study used only data from three sections of a mathematics content course for 

preservice teachers. 

2.  The study used only data from the Spring 2012 semester. 

3. The study used only data from students who completed the pretest, all of the 

treatment instruction, and the posttest, for the treatment group. 
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4. The study used only data from students who completed the pretest, traditional 

instruction, and the posttest, for the control group. 

5. The study used only data from students whose birthdates fell after 1982 and would 

qualify as millennials as defined by Howe and Strauss (2000). 

Summary and Organization of the Study 

 This study is presented in five chapters. Chapter 1 has related the problem, purpose of the 

study, research questions, definition of terms, and a rationale for the study. Chapter 2 contains a 

review of the related literature followed by the hypotheses for this study. The review of literature 

is subdivided into the epistemological problem of randomness, research on preservice teachers’ 

conceptions of randomness, classifying the misconceptions, and theoretical frameworks for the 

design and content of the treatment instruction. Chapter 3 presents a theoretical framework for 

the mixed model approach used in this study and includes a description of the sample, 

exclusions, instrumentation, and the procedure for data collection and analysis. Chapter 4 

examines the results of the study in three sections: the findings of the hypothesis testing, analyses 

of each item on the pretest and posttest for both the treatment and control groups, and proportion 

analyses that guided the search for evidence of the misconceptions in both groups. In each of 

these sections, rationale for the methods of analyses is given where necessary. Chapter 5 

summarizes the findings of the study, discusses the results, includes elements of the study that 

the could and could not be controled, and presents implications for future research. The 

appendices consist of the checklist used to code the manifest content of the assessment, rubrics 

used to score the assessments, and score frequencies and descriptive statistics on every 

assessment item for both groups.  
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CHAPTER 2 

 

REVIEW OF RELATED LITERATURE 

The Epistemological Problem of Randomness 

Though randomness is a foundational notion in probability and statistics, it is not a trivial 

one. Randomness is a concept that is mosaic, with characteristics made manifest through a 

variety of contexts and probabilistic interpretations. Therefore, explanations that have been 

reduced to a single characterization risk superficiality (Batanero, Green, & Serrano, 1998; Green, 

1997). Consider the variation of meaning when randomness is associated with other probabilistic 

concepts such as events, samples, variables, frequency distributions, and numerical probabilities. 

Lopes (1982) quipped that 

randomness is a property of processes and not of products. But the rub is that the 

randomness of processes cannot be observed directly. Thus, the only way we can confirm 

that a particular process is random is to sample a sequence of output from the process and 

test whether it has the properties of random sequences, which brings us right back to 

talking about the randomness of products. (p. 629) 

Researchers have also noted students’ cognitive inconsistencies with local versus global 

manifestations of randomness (Falk & Konold, 1997; Green 1997), as well as a tendency to view 

randomness as uncontrollable, happenstance, disorderly, and/or only applying to situations 

involving symmetrical outcomes (Batanero et al., 2010; Pratt, 1998). It is suggested that different 
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interpretations of probability, contextual problems, and visual or dimensional orientations of 

outcomes will evoke different characteristics of randomness (Batanero et al., 1998; Lecoutre, 

Rovira, Lecoutre, & Poitevineau, 2006; Toohey, 1995). 

In addition to the above problems with defining randomness, there exists semantic 

confusion that arises from the everyday use of the term random. For example, randomness has 

been formally defined in our language as “the lack of a definite . . . pattern” (“Randomness,” 

2012) and “of or relating to an event in which all outcomes are equally likely” (“Randomness,” 

2011b). While some of these characteristics can be identified in random phenomena, none of 

these descriptions can stand alone in defining randomness. The Oxford Dictionary partly defined 

random as “happening without method or conscious decision . . . informal, odd, unusual, or 

unexpected” (“Randomness”, 2011a). The word random has become an almost idiomatic term in 

contemporary American English. For example, “I spoke to her twice this morning and she never 

mentioned the big news, how random!” or “My teacher is so random, he jumps from one concept 

to another and I can’t follow him.” This widespread use can confound what random means in the 

stochastic sense. 

Furthermore, informal conceptions of randomness are often based on life experience with 

seemingly random events. In conceptualizing randomness, it may be that individuals think that 

they see patterns (or ought not to see patterns), which in turn affects their ability to reason 

correctly about random events. Rather than basing decisions in uncertainty on presiding 

rules/truths relating to a situation (deductive reasoning), people tend to make 

assumptions/generalizations based on perceived patterns within the situation (inductive 

reasoning). This latter type of reasoning comes naturally to most of humanity, and may be used 

especially by those with little or no formal training in logical reasoning: potentially, preservice 
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teachers. Though it has its place in mathematics, and though it is not extensively investigated in 

this study, inductive reasoning, along with the everyday use of the word random, can be a 

stumbling block when constructing mathematical meaning(s) of randomness. 

In brief, preservice teachers try to assimilate the mathematical meanings of randomness 

into their existing knowledge and experience with random phenomena. This tends to create a 

conceptual opacity that educators must clarify for their students (Batanero et al., 1998). 

Research on Conceptions of Randomness 

Though research on probability theory extends back to the 1600s, research on the 

teaching and learning of probability, though vast as well, can essentially be contained within the 

last 60 years. Researchers credit Jean Piaget and Bärbel Inhelder (1951/1975) with the first 

publications on probabilistic intuition and understanding (Jones & Thornton, 2005; Kapadia & 

Borovcnik, 1991; Pratt, 2005). Through the 1960s and 70s, the English translation of Piaget's and 

Inhelder's works, and the impact of cognitive psychology, may have been the impetus for a 

number of studies on stochastic intuitions and heuristics (Fischbein, 1975; Shaughnessy, 1976, 

1977; Tversky & Kahneman, 1974). With the accession of curriculum reform in mathematics 

education in the 1980s, the National Council of Teachers of Mathematics conducted and 

collected extensive research for the purpose of informing the instruction of stochastics in the 

classroom, thereby prompting researchers to study the stochastic conceptions of students and 

teachers alike (Batanero & Serrano, 1999; Bennett, 1993, 1998; Cardona, 2008; Carnell, 1997; 

Diener & Thompson, 1985; Falk & Konold, 1997; Green, 1988, 1997; Huck, 2009; Jones & 

Thornton, 2005; Kilpatrick, Martin, & Schifter, 2003; Konold, 1989; Konold & Kazak, 2008; 

Lecoutre et al., 2006; Nicholson, Road, & Darnton, 2003; Pratt, 1998, 2005; Toohey, 1994; 

Watson, 2001). 
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Tversky and Kahneman, as a team and as individual researchers, pioneered studies 

concerning students’ beliefs about the probability of uncertain events. Their work released in 

1974 popularized the notion that young people develop two common heuristics (namely 

representativeness and availability) that serve to “reduce the complex tasks of assessing 

probabilities and predicting values to simpler judgmental operations . . . [and that] while these 

heuristics are quite useful . . . sometimes they lead to sever and systematic errors” (Tversky & 

Kahneman, 1974, p. 1124). Representativeness refers to assessing probabilities “by the degree to 

which [event] A is representative of [event] B” (Tversky & Kahneman, 1974, p. 1124). For 

example, when assessing the likelihood that a four-coin toss will result in two heads and two tails 

(in any arrangement), students’ intuition suggests that the probability will be 1/2 or 50% because 

each individual toss of a coin has a 50% chance of landing heads up and a 50% chance of 

landing tails up. Students might assume that the four-coin toss results should be representative of 

an individual coin-toss result, when in fact, the probability of a four-coin toss resulting in two 

heads and two tails (in any arrangement) is 6/16 or 37.5%. Availability refers to evaluating 

probabilities “by the ease with which instances or occurrences can be brought to mind” (Tversky 

& Kahneman, 1974, p. 1127). For example, when asked which sequence of coin flips is more 

likely, H H H H H H H or T H T H T T T, the availability heuristic might suggest that because 

we have more experience with mixed results (heads and tails) in a sequence of flips, the second 

sequence seems more likely to occur. 

Well, Pollatsek, and Konold (1981) identified an alternative model of reasoning in 

addition to Tversky and Kahneman’s heuristics. This reasoning, labeled the outcome approach, is 

characterized by the prediction of an outcome of a single trial, rather than the likelihood of a 

result that reflects the distribution of possible outcomes. For example, participants were asked 
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which side of a given irregularly shaped item would most likely land upright. Many students 

seemed to interpret the instructions as a request to predict the outcome if they rolled the item 

once. These same participants then assessed their responses based on the accuracy of their 

predictions. Furthermore, when asked to assign probabilities of the different sides landing 

upright, these students gave a response of 50% likelihood when no accurate prediction could be 

recognized.  

In the extension to his work with Well and Pollatsek (Well et al., 1981), Konold (1989) 

interviewed 16 undergraduates, first to determine if they used the outcome approach in their 

reasoning with a collection of probability problems and then students were given a score 

indicating the degree to which each remained consistent with this approach. A second interview 

was conducted with 12 of the same students and an additional set of probability problems. In this 

second set of problems, “specific predictions had been made on the basis of each student’s 

performance in the first interview” (Konold, 1989, p. 63). This allowed the researcher to 

determine whether those participants who seemed to interpret probability problems using the 

outcome approach would consistently display this misconception with a predictable response. 

This study confirmed the existence of another common probabilistic misconception, the outcome 

approach, as an “alternative interpretation of probability for which the objective is the successful 

prediction of individual trials” (Konold, 1989, 63). 

In 1989, Green reported on two studies involving students, ages 7 to 14, both of which 

investigated the children’s two-dimensional interpretations of randomness and their abilities to 

reason probabilistically. Green summarized the different ways that the participants tended to 

underestimate the potential disproportionate results of random phenomena. He found that in 

problem contexts that produce two-dimensional representations, the children tended to attribute 
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randomness to uniformly distributed results. Even when presented with logically identical 

distributions, a quarter of the children were misled by what seemed to them to be a more uniform 

distribution in terms of the visual layout of the results. In addition, the older students seemed to 

focus their attention on the local aspects of the distribution, meaning the details of the 

distributions in smaller regions that were closer together. In contrast, the younger students gave 

more weight to the global, overall visual look of the results (Green, 1989, p. 38). 

Lecoutre (1992) expanded on studies done in 1984 and 1985, and with Durand and 

Cordier in 1988 and 1990, on another probabilistic misconception termed the equiprobability 

bias. He characterized this misconception as thinking that “random events should be 

equiprobable by nature” (Lecoutre, 1992, p. 561). A typical response identifying the 

equiprobability bias would be something like, “The two results to compare are equiprobable 

because it’s a matter of chance” (Lecoutre, 1992, p. 561). He also summarized the previous 

studies, asserting the robustness of probabilistic intuitions: that even a significant education in 

probability theory did not have a significant effect on this misconception. In his study in 1992, 

Lecoutre evaluated the written responses of adolescents with no experience in probability theory 

on two probabilistic questions. The first question was contextualized to “mask the ‘chance’ 

aspect” (Lecoutre, 1992, p. 566) of the problem. The second problem was an isomorphism of the 

first problem but was presented in a classical manner. In other words, many participants did not 

recognize the first problem as a typical probability problem requiring an expected cognitive 

model; instead, the first problem promoted modeling or “logical reasoning” (Lecoutre, 1992, p. 

566) and many participants did not see the two problems as isomorphic.  Furthermore, more 

participants correctly responded to the first problem. This study claimed that by contextualizing 

probability problems, specifically concealing the chance component, that it is possible to “induce 
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the utilization of appropriate cognitive models,” (Lecoutre, 1992, p. 566) but that the frequency 

of transfer of cognitive models used in classical problems to contextualized problems is low. 

In 1993, Bennett documented the historical development of the concept of randomness 

and discussed the educational implications for teaching randomness and chance. She asserted 

that, historically, randomness has proven to be an illusive concept and one that is not at all 

obvious, further suggesting that educators define randomness when working with the concept in 

the classroom. Bennett endorsed Polya’s (1962) phases of the learning process: exploratory, 

formalization, and assimilation. She proposed that the concept of randomness may develop in 

alignment with these phases, with special emphasis on the acquisition of normative intuitions 

regarding randomness. She considered that games involving simple events and equally likely 

outcomes may be most appropriate for beginning learners to explore randomness and gain 

correct, though naïve, intuitions. Only after students have developed these notions from simple, 

concrete examples, should educators attempt to formalize concepts of randomness and 

probability. However, she noted that curriculum that supports the building of foundational 

intuitions of probability and statistics is limited, as is teacher training in this area. 

Konold et al. (1993) contributed further to the earlier studies by Tversky and Kahneman 

(1972) and Well et al. (1981) by assessing high school students’ and undergraduates’ conceptual 

understandings of probability. The students were given a multiple choice problem in which they 

were asked to determine which sequence was most likely a result of five coin flips. They were 

also asked to determine which sequence was least likely a result of five coin flips. The 

researchers found that although the majority of students answered correctly when asked to 

determine the most likely sequence, a significant number (about half) answered incorrectly on 

the problem that asked them to determine the least likely sequence. Using follow up interviews, 
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the researchers concluded that the participants were reasoning with the “outcome approach” 

(Konold et al., 1993, pp. 411-412). More importantly, the results of the first question deceptively 

suggested a normative understanding of independence whereas the results to the second question 

illuminated the misconception. Additionally, the researchers recommended that evaluators 

exercise caution when using a multiple choice format to assess conceptual understanding, so as 

to avoid misrepresenting students’ cognitive approaches to probability.  

Pratt (1998) interviewed 10 and 11 year olds to determine their ideas about randomness 

and then studied their actions and choices while working with a computer program. He found 

that in the interviews, the children expressed common conceptions of randomness (that mirrored 

a few of the heuristics found by previous researchers) and continued to operate under these 

conceptions while initially navigating this program. Though the main point of the study was to 

show how the children eventually constructed new meanings of randomness as they used their 

preexisting conceptions to interact with the program, Pratt did identify and briefly describe these 

initial conceptions. 

 Unpredictability was used to describe the notion of attributing randomness to a 

device/situation if an outcome could not be successfully predicted. 

 Unsteerability was used to label the conception exhibited by attributing randomness to a 

device/situation if the children did not fell that they could control the outcome. 

 Irregularity of Results was used to describe the attribution of randomness to a 

device/situation if patterns could not be recognized in the results. 

 Fairness was used to label the attribution of randomness to a device/situation if the 

children could see physical evidence of equiprobability throughout the situation or on the 

device and also if they could see equiprobability reflected in the results. 
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Pratt concluded that though the children initially operated under the above 

misconceptions, which focused on very few results of an experiment (local), as they used them to 

make sense of long-term results (global), they seemed to revise their preliminary thoughts and 

develop more conceptually correct understandings of randomness. 

Hirsch and O’Donnell (2001) studied postsecondary students from a variety of majors 

and probability experience/training. The participants were given multiple, but equivalent, forms 

of a multiple choice test designed to identify probabilistic misconceptions, specifically Tversky 

and Kahneman’s (1974) representativeness. More than half of the students were identified as 

consistently using representativeness when answering the probability problems. These tests were 

then used as pre and posttests, with an instructional intervention between, designed to determine 

if directly addressing the misconception of representativeness can help students move towards a 

more normative understanding of probability. The results indicated that many students responded 

correctly to the multiple choice problems, but did not demonstrate correct reasoning used to 

obtain their answers. According to Hirsch and O’Donnell (2001), “although formal instruction 

appears to reduce the proportion of students who hold misconceptions, a substantial number of 

students with formal training continue to have misconceptions” (Discussion section, para. 5). 

Research on Preservice Teachers’ Conceptions of Randomness 

Recently, researchers have been considering preservice teachers’ conceptions of specific 

stochastic topics, such as randomness. Stohl (2005) warned that teacher development programs 

must focus on preservice teachers’ understanding of stochastic content and potential student 

misconceptions of this content. Although there are numerous studies on children’s and teachers’ 

conceptions of randomness, there are very few studies involving preservice teachers.  
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Lefebvre (2010) conducted a case study in which four preservice teachers experienced 

teacher-led instruction designed to aid students in reconciling probability theory with preexisting 

intuitions, in hopes of constructing correct conceptions of probability. Participants were 

pretested, through an interview session, and then were taught a one-hour lecture-based lesson 

which included activities involving coin-flipping, and then were posttested, through an interview 

session similar to the pretest. During the interview sessions, students were asked a sequence of 

questions similar to what was covered in the instructional period. The participants were 

encouraged to talk aloud as they thought through the problems and the interviewer asked 

nonjudgmental questions in hopes of gaining insight into the preservice teachers’ cognitive 

process. During the instructional period, the teacher lectured on a number of coin flipping 

scenarios designed to prompt students to think about the meaning of probability, to employ ideas 

related to classical probability, and to expose any misconceptions about the likelihood of certain 

sequences occurring. The instructor allowed students to interrupt with questions and encouraged 

discussion about the problems beings presented. The study found that during the instructional 

portion, the students did not openly display their misconceptions and or apprehension about 

certain problems as obviously as they did during the interview sessions. It seemed as though the 

presence of other students influenced the exhibition of participants’ misconceptions. This 

hindered the teachers’ ability to analyze the students’ understandings and masked any 

participant’s discomfort with the topic. The assessments revealed initial misconceptions that 

were corrected, postinstruction, and provided evidence of students’ abilities to compare related 

problems, which indicated cognitive growth with regards to applying probability theory in the 

context of coin flipping. 

Researchers at the University of Granada (Batanero et al., 2010) conducted a study that 
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specifically analyzed preservice teachers’ ideas about randomness. The participants were given a 

project consisting of two tasks: to imitate the results of 20 tosses of a fair coin (simulated 

throwing) and then to record the real results of 20 tosses of a fair coin (real throwing). This 

project was created in a previous study by Godino, Batanero, Roa, and Wilhelmi (2008). 

Through class discussion, students suggested a list of measurements that might be useful in 

comparing the simulated throwing results to the real throwing results: number of heads, number 

of runs (sets of repeated results), and length of runs. The students were then given a compilation 

of the class results and asked to complete an analysis, as homework, using descriptive statistics. 

The study found that although the participants had recent instruction in stochastics (the year 

before), they still held strong misconceptions about random phenomena. The researchers 

compared the students’ simulated and real results while also analyzing the written analyses. The 

following common misconceptions emerged from the data, but have been consolidated and 

annotated for the purpose of the current study. Also, these misconceptions are consistent with 

previous studies on children and in-service teachers (Konold, 1989; Lecoutre, 1992; Pratt, 1998: 

Watson, 2001), and thus serve to inform the instruction and assessment of the current study. 

Classifying the Misconceptions 

Misconceptions of randomness contain elements of correct characteristics, but each also 

contains a slight misrepresentation, leading to a fundamentally inaccurate characteristic of the 

concept. The following list, drawn from Batanero et al. (2010), offers a concise explanation of 

each of the misconceptions that the treatment instruction intended to elicit: 

1. Randomness as variation: random phenomena (specifically random sequences) should 

display a variety of results. Lengths of runs and the number of runs should vary as 

well. Students often want to see immediate evidence of this variation. This 
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misconception is often displayed by attributing randomness to only those phenomena 

that have a variety of results within only a few trials and/or predicting an alternate 

result after a string of identical results. This is often called the gambler’s fallacy or 

the negative-recency effect. Each subsequent result should be unpredictable, though 

over the long run, we should see a trend toward an expected global outcome. 

2. Randomness as unpredictability: random phenomena do have the characteristic of 

unpredictability, but this is limited to a local level (not being able to predict 

individual outcomes.) The misconception tends to extrapolate this to a global level—

that the results of an entire distribution are unpredictable if the process is random. 

3. Randomness as symmetrical outcomes: While this misconception may be related to 

Tversky and Kahneman’s (1971, 1972) law of small numbers or representativeness, 

this misconception will focus on attributing randomness to processes if there is 

evidence that the individual results/events are equally-likely. While it is true that 

some processes that contain equiprobability are random, many that do not have 

symmetrical outcomes can still qualify as random phenomena. In other words, the 

quality of equiprobability alone is not sufficient to explain local unpredictability.  

4. Randomness as a lack of patterns: this misconception requires random phenomena to 

be deficient in any recognizable, consistent patterns; repeating or sequential. If a 

pattern is recognized, locally or globally, then students with this misconception will 

not attribute randomness. Likewise, in simulating a random situation, students with 

this misconception tend to avoid all pattern-like structures. 

5. Randomness as a lack of control: this is related to the misconception of 

unpredictability, above, but here unpredictability is interpreted in terms of physical 
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control over the results. If students themselves can’t control the results or can’t detect 

a higher intelligence controlling the results, often then they will claim a random 

process. Likewise, if students suspect deterministic intervention, then they will not 

attribute randomness. 

6. Randomness as a lack of order: this misconception is very similar to the 

misconception with patterns, but unique in that the global perception of randomness 

(the sequence as a whole) seems to the student to have an inherent structure. Though 

no pattern may necessarily be identified, if students think they recognize some 

orderly arrangement of results, they will not acknowledge the attribute of 

randomness. At times, seemingly haphazard results appear to students as being more 

representative of random phenomena. 

Theoretical Framework for the Design of the Treatment Instruction—Task-Based, 

Collaborative Learning Experiences 

Borrowing the idea from Tom (1997), describing general teacher education programs, 

there exists no evidence of one instructional technique or design that has served to magically 

rejuvenate mathematics teacher education, particularly in the area of probability and data 

analysis. However, combining elements of learning theory and social constructivism forms a 

theoretical basis with which to consider student-centered instruction—specifically, instruction 

that serves to develop mathematical conceptions. 

Though constructivism plays a part in the instructional design, a correct conception of 

randomness cannot exclusively be constructed by the student. Entirely generative instruction is 

not appropriate because certain characteristics of randomness can seem ambiguous (Batanero, 

Arteaga, et al., 2010; Green, 1997). For example, if it is said that random phenomena are 
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characterized by a variation of results, a string of identical outcomes in a random sequence may 

cause confusion. Furthermore, if a student’s intuition has been developed from insufficient or 

deceptive experience, supplantive instruction will be required to correct any misconceptions. The 

instruction, therefore, needs to be student-centered and focused on cognitive construction, but the 

instructor also plays a pivotal role as the cognitive guide (Hewett, 1999). Hence, the task-based 

lesson is an instructional approach that can support a marriage of generative and supplantive 

instruction. 

Teppo (2009) illustrated a task-based lesson as follows: 

small group work followed by whole-class discussion . . . centered on a particular task 

that embodies the mathematics under study. As they process the task, students are 

encouraged to use manipulatives, common sense, and experiential knowledge rather than 

memorized rules and algorithms. The instructor then selects a range of student strategies, 

which makes use of different components of the mathematics under study, to be written 

on the board. These strategies are [discussed] to focus attention on underlying structure. 

(p. 162) 

 Francisco (2013) recently studied the effects of learning, in a collaborative setting, on 

students’ mathematical understanding. He argued that the mathematical domain of probability, 

with its wide assortment of orientations and misconceptions, made for a “potentially rich” 

(Francisco, 2013, p. 421) context for studying collaborative learning. This was a longitudinal 

study focusing on six students’ development of mathematical ideas from second grade through 

high school. The students’ development was followed in the classroom from second to ninth 

grades, and after that, in voluntary after-school sessions. In these “learning experiments,” 

(Francisco, 2013, p. 422) as they were called, a constructivist approach to learning governed the 
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student/teacher and student/student interactions during the sessions. Students were encouraged to 

work together in groups, to “justify their solutions to one another,” (Francisco, 2013, p. 422) and 

to “be arbiters of the validity of their peers’ claims based on whether they though that the claims 

made sense” (Francisco, 2013, p. 422). The results of the study indicated that the collaborative 

environment promoted correct mathematical understanding as evidence was observed of the 

students engaging in Davis and Maher’s (1990) five-stage cycle of mental representations: data 

representation, knowledge representation, mapping between data and knowledge representations, 

checking the mapping for correctness, and solving the problem. This cyclical analysis of the 

problem showed the students’ “commitment to mathematics as a sense-making activity” 

(Francisco, 2013, p. 435) which seemed to be critical to the approach to a solution. The 

researcher argued that this “culture of ‘doing’ mathematics” (Francisco, 2013, p. 435) attributes 

the promotion of mathematical understanding to collaboration. Also, an important practical 

implication emerged from this study. Teachers as “outside experts” can play a crucial role in 

helping to guide the classroom discourse and students’ individual thoughts in order to promote 

correct mathematical conceptions, but must do so by (a) allowing the learners to productively 

struggle through the problem solving process and (b) without interfering with “students’ 

initiative and ownership of the mathematical activity” (Francisco, 2013, p. 436).  

The above results are by no means new to the domain of stochastics. Another well-known 

study that focuses on a collaborative atmosphere, mixed with a constructive approach to 

learning, in the field of probability instruction is Shaughnessy’s doctoral dissertation (1976). 

Shaughnessy studied the effectiveness of small-group work and mathematical model-building in 

overcoming college students' probabilistic misconceptions. Nine small-group activities were 

given to 80 students in four sections of an undergraduate finite mathematics course. These 
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research-based activities were compiled by the researcher, and students were to work together to 

solve each problem using an experimental approach. Students were then encouraged to come up 

with a mathematical model to represent the problem and/or to generalize their conclusion(s) in 

the form of a mathematical principle. The experimental instructors’ roles were to facilitate the 

group work and guide classroom discourse while still allowing groups to productively struggle 

with the problems. If student groups seemed stumped, the instructor offered just enough 

assistance to get them thinking on their own again, often using the Socratic technique of 

answering a student question with another question. 

Solving the problems using an empirical orientation of probability seemed to help the 

college students to be able to make sense of the problems and gave them a thinking avenue to 

form a mathematical representation of each problem and enough repeated observations to be able 

to inductively generalize their conclusions. The students, communicating through course 

evaluations, indicated that the small-group work and activities were enjoyable and helped them 

to understand the mathematical theory that comprised the content of the course. Shaughnessy 

(1976) noted that the students maintained positive attitudes while problem solving and that the 

activities helped many of the students to remedy their own wrong thinking. Facing their 

misconceptions and working together to present a correct solution, with a mathematical model 

and/or generalization, seemed to contribute to the development of the college students' 

understanding(s) of probability concepts. 

In summary, research seems to also suggest that a collaborative atmosphere—that 

encourages group work and instructor-guided discourse—can promote mathematical 

understanding. 



 24 

Theoretical Framework for the Content of the Treatment Instruction—Guided 

Reinvention and Didactical Phenomenology 

An heuristic theory of mathematics education has recently been developed in the 

Netherlands, called realistic mathematics education (RME). Gravemeijer (2004), a member of 

the RME team of researchers, identifies the instructional technique of “guided reinvention” as 

part of this theory. Guided reinvention is based in Hans Freudenthal’s (1973, 1983) writings on 

curriculum and instruction. The idea is that the instruction be mapped out in such way to lead 

students through a sequence of activities that aid students in finding the “intended mathematics” 

(Gravemeijer & Terwel, 2000, p. 786). Freudenthal specifically envisioned a sequence of 

activities that mimicked the historical development of the mathematical construct. 

Freudenthal (1983) also favored a phenomenological approach to developing instruction 

which he called didactical phenomenology. In brief, instructional “situations should be selected 

in such a way that they can be organized by the [concept] which the students are supposed to 

construct . . . the objective is to figure out how the ‘thought matter’ . . . would make the 

[concept] accessible for . . . thinking activity” (Gravemeijer & Terwel, 2000, pp. 787-788). 

This study uses the guided reinvention technique, paired with didactical phenomenology, 

in determining tasks for the treatment instruction. Specifically, a learning trajectory (a list of 

learning objectives) for the tasks was compiled from recent research studies (Batanero et al., 

2010; Batanero et al., 1998; Diener & Thompson, 1985; Godino et al., 2008; Green, 1988, 1997; 

Lecoutre et al., 2006; Pratt, 1998). Conveniently, many of these studies were based on a 

historical review of the development of the construct of randomness. This learning trajectory 

served to inform the tasks for the task-based lessons. These tasks were designed to anticipate the 

mental activities of the students and include actions that guide the students in 
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developing/redeveloping a correct conception of randomness (Gravemeijer & Terwel, 2000; 

Teppo, 2009). 

In summary, a review of the literature suggests that taking a proactive approach to 

probabilistic misconceptions, by making them an explicit part of the instruction, and combining 

this content with a collaborative learning environment, may help to develop correct conceptions 

and remedy wrong thinking before students have a chance to habituate their misconceptions. 

Therefore, the following hypotheses seemed most appropriate for examining this suggestion.  

Research Hypotheses 

Students who experienced probability instruction that explicitly addressed 

misconceptions of randomness would perform significantly better on a postinstructional 

assessment, which evaluated students’ conceptions of randomness, than students who 

experienced the traditional probability instruction. More specifically, three subsequent 

hypotheses addressed different components of the postinstructional assessment: 

Hypothesis 1. There will be no significant difference between the pretest assessment 

scores of the students who experienced the treatment instruction and students who experienced 

the traditional instruction. 

Hypothesis 2. Students who experienced the treatment instruction will score significantly 

higher on the posttest assessment than students who experienced the traditional instruction. 

Hypothesis 3. Students who experienced the treatment instruction will score significantly 

higher on the indicated posttest assessment item than students who experienced the traditional 

instruction. 
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CHAPTER 3 

 

METHODOLOGY 

Research Design 

The research question of this study sought to investigate whether instruction that 

explicitly addresses preservice teachers’ misconceptions can produce a better conceptual 

understanding of mathematical randomness than traditional instruction. An explanatory mixed-

methods approach was most suitable for observing the participants at the two levels of the 

independent variable (treatment or control instruction) and evaluating the effects on the 

dependent variable (assessment scores) because it allowed for a combination of quantitative and 

qualitative components at different stages of the study. Specifically, this involved 

quasiexperimental research, containing an intervention-type study, in which the preservice 

teachers’ conceptions of randomness were influenced by the treatment instruction. The 

preservice teachers were assessed through a series of open- and closed-ended questions, as well 

as interviews, so as to obtain a collection of data that described their conceptual understandings 

of randomness. These data were then quantified for statistical examination and description 

(Fraenkel & Wallen, 2009). 

Both qualitative and quantitative methods were used because this study was investigating 

the cognitive effects that the instruction had on the students. Cognitive theory claims that 

understanding can be gained from what students are thinking by examining their written and 
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verbal communication (Fetterman, 2010). Hence, a collection of qualitative data served to best 

display this thinking. At the same time however, this study was comparing the effects of the 

treatment instruction with traditional instruction. Content analysis of the written assessments and 

interviews provided a way to quantify the data, allowing conclusions to be drawn about the 

measurement of the effects of instruction (namely increased/decreased evidence of 

misconceptions of randomness). In summary, the qualitative data were used to identify and 

categorize the students’ misconceptions, and then the students were given scores on each 

assessment item based on evidence of these misconceptions. Interviews followed, and when 

paired with written evidence on the assessments, provided an explanation of the quantitative 

scores from the assessments and, in some cases, a typical illustration of a misconception 

(Greene, Caracelli, & Graham, 1989). 

Pilot Study 

 A pilot study was conducted in the spring semester of 2011 to investigate preservice 

teachers’ conceptions of randomness. The participants were 31 preservice teachers enrolled in a 

mathematics-education content course that included a unit on probability. The qualitative 

purpose of the pilot study was to identify in preservice teachers common misconceptions of 

randomness that previous research had attributed to children, adolescents, and in-service teachers 

(Batanero & Serrano, 1999; Green, 1997; Konold, 1995; Watson, 2001). 

 Background data were collected on the participants. There were 28 women and three men 

with eight freshmen, 11 sophomores, 10 juniors, one senior, and one student working on her 

postbaccalaureate degree. All but two of the students were between 18 and 29 years old. The 

participants’ majors included elementary education, special education, early-childhood 

education, and middle-level education, with a few undeclared. None of the participants had any 
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previous teaching experience in probability and statistics; however, seven had a year-long high 

school course in stochastics and four had a previous college course in statistics. 

 The participants were assessed on number of open- and closed-ended questions, compiled 

from previous research with children, adolescents, and in-service teachers, which were designed 

to elicit misconceptions having to do with randomness. The assessments can be found in 

Appendix A. An analysis of the responses supported the findings of Batanero and Serrano 

(1999), Batanero et al. (2010), Green (1997), Konold (1995), Tversky and Kahneman (1974), 

and Watson (2001): 

1. Randomness was often defined as an unexpected or unusual outcome of an 

experiment 

2. A situation was deemed random if participants were convinced that 

someone/something did not have control over the situation 

3. Participants wanted to see a variety of outcomes. If they detected a long string of one 

type of outcome, they would predict a different result for the next outcome. 

4. Participants contradicted themselves within the same assessment item. In other 

words, the explanation did not match the selected answer. Two opposing arguments 

were made within the same problem. 

5. Participants did not attribute randomness to situations in which the outcome(s) had a 

detectable order. 

6. When generating a hypothetical sequence of outcomes from a random experiment, 

participants created a sequence in which the proportion of each outcome was 

representative of the theoretical probabilities related to the experiment. 

These results justified an expanded study that investigated preservice teachers’ 
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conceptions of randomness following instruction that explicitly addressed the misconceptions 

found in the pilot study. A treatment course was taught one year later with a supplemental 

module explicitly addressing misconceptions of randomness. This treatment course was 

compared to a control course that did not include this supplemental instruction on 

misconceptions. Also, responses to the assessment items in the pilot study substantiated changes 

to the assessment and gave rise to the treatment instruction in the main study. Upon further 

research, items were added to the assessment, and more tasks were compiled for the treatment 

instruction to help elicit misconceptions of randomness. 

Description of the Sample 

The participants selected for this study were 67 undergraduates enrolled in three 

mathematics education courses at a middle-sized Midwestern university in the United States. 

This convenience sample represented approximately one-third of the teacher-education students 

enrolled in a mathematics-education content course (containing probability and statistics) at this 

institution. 

In the control group, six of the participants were men and 24 were women, which made 

up the 30 students. There were 20 elementary education majors, eight special education majors, 

one early childhood major, and one family services major. Thirteen freshmen comprised the 

largest portion of the control group, and there were seven sophomores, nine juniors, and one 

student working on a postbaccalaureate degree. 

The treatment group (pooled from two sections of the mathematics education courses) 

had 37 participants, two men and 35 women. There were 17 elementary education majors, 13 

special education majors, three early childhood majors, two family services majors, one 

psychology major, and one middle-level education major. This group was composed of 24 
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freshmen, seven sophomores, four juniors, and two seniors.  

In both groups, all of the students had at least one previous content course in elementary 

education mathematics. More than half had had a high school course that included probability, 

but only 18% had this course within the last two years; none had experience teaching probability 

and statistics. 

Screening 

 Assessment information included in this study was from students who fell into all of the 

following categories: 

1. Students enrolled in one of the three mathematics content courses chosen for this 

study. 

2. Students who signed the consent form for this study. 

3. Students whose birthdates were in 1982 or after (identified though a background 

information survey given at the start of the study). 

4. Students who completed the pretest and the posttest and every stage of either the 

control or treatment instruction (as indicated by the experimental and control 

instructors). 

Exclusions 

Assessment information excluded from this sample was from students who fell into one 

or more of the following categories: 

1. Students who received special academic support outside of the classroom, as it would 

be impossible to attribute differences in assessment scores to instructional methods 

alone. This included students with documented disabilities who were receiving 

support from the university’s department of disability services, students who attended 
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tutoring sessions outside the classroom from a professional organization, and/or 

students who attended tutoring sessions supplied by a university organization. 

2. Students whose birthdates fall outside of the interval 1982–2000, as these students 

would not be considered millennials as defined by Howe and Strauss (2000). 

3. Students who did not complete the pretest, the entire instruction experience, and the 

posttest, because assessment scores may reflect a lack of attendance instead of a lack 

of understanding. 

4. Students whose pretests indicated no misconceptions regarding randomness, as this 

study focused on conceptual change. No misconceptions means correct conceptions 

of randomness limited to the tasks contained within the pretest. 

Instrumentation 

The data collection instruments were compiled, and included lesson plans for the control 

and treatment groups, a pre- and postinstructional cognitive assessment exam, and a 

postinstructional interview guide. The instruments are explained in detail below and can be 

found in Appendices A - C.  

Control Instruction 

 The instruction for the control class was taken directly from the probability chapter of 

Beckmann’s (2011) Mathematics for Elementary Teachers. This is the same text that was used in 

all sections of the preservice teacher mathematics content courses during the spring semester of 

2012. The first week of probability began with a discussion about basic probabilistic principles: 

1. If two outcomes of an experiment or situation are equally likely, then their 

probabilities are equal. 
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2. If there are several outcomes of an experiment or situation that cannot occur 

simultaneously, then the probability that one of those outcomes will occur is the sum 

of the probabilities of each of the individual outcomes. 

3. If an experiment is performed many times, then the fraction of times that a given 

outcome occurs is likely to be close to the probability of that outcome occurring. The 

greater the number of times the experiment is performed, the more likely it is that the 

fraction of times a given outcome occurs is close to the probability of that outcome 

occurring. (Beckmann, 2011, p. 674) 

The first week ended with a discussion of counting techniques for one-, two-, and multi-stage 

experiments (including tables and tree diagrams) along with a brief introduction to the addition 

rule, the multiplication rule, mutual exclusivity, and independence. 

 The next two weeks of the control class focused on computing a variety of probabilities, 

along with a brief coverage of expected value. Instruction concentrated on a further look at 

independence and the multiplication rule, and focused on the use of fraction multiplication and 

addition (together) in calculating probabilities. In other words, making connections between the 

preservice teachers’ ideas (and models) of fraction computation (learned previously in the text) 

and computing probabilities. 

 The method of teaching used in the control course was an activity-based method in which 

the instructor incorporated activities at the recommended times from Beckmann’s (2011) activity 

manual that accompanies the textbook. The only activity that was not used was Beckmann’s 

attempt at addressing two specific misconceptions. The activity included an exploration of 

preservice teachers’ thinking about the gambler’s fallacy with the following problem: 
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Simone has been flipping a coin and has just flipped [five] heads in a row. Simone says 

that because she has just gotten so many heads, she is more likely to get tails than heads 

the next time she flips. Is Simone correct? What is the probability that Simone’s next 

flip will be a tail? Does the answer depend on what the previous flips were? (Beckmann, 

2011, 396) 

This study classified this misconception as “randomness as variation” (Batanero et al., 2010, p. 

5). This activity was removed from the control course because it was instruction that explicitly 

addressed one of the six misconceptions of this study. Therefore, any differences between the 

control and treatment groups’ assessment results, regarding these misconceptions, could not have 

been attributed to the treatment instruction alone. 

Treatment Instruction 

The theoretical framework for the design and content of the treatment instruction was 

brought forth from previous research and can be found in Chapter Two of this study. This 

student-centered instruction is focused on the cognitive construction of correct conceptions of 

randomness. Pratt (2005) asserted, “Misconceptions are typically naïve ideas that . . . contain 

some element of [a] normative view [of a concept, and that to overcome these misconceptions, 

students] need feedback that gives them good evidence of the weakness of their current ideas” (p. 

184). The treatment tasks were chosen because the “thought matter” (Gravemeijer & Terwel, 

2000, p. 787) of the tasks had the potential to elicit preservice teachers’ naïve ideas of 

randomness and, through “guided reinvention” (Gravemeijer, 2000, p. 786), misconceptions 

could be revealed and potentially corrected. Specifically, the tasks (with guidance from the 

treatment instructor) help to stimulate cognitive growth through adaptation, generating/revealing 
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disequilibrium in the students’ existing schemas concerning randomness and resulting in the 

assimilation of a reconstructed conception of randomness. 

The treatment instruction covered the same content as the control class, with the 

exception of a supplemental module, which explicitly addressed the six misconceptions 

discussed in this study. The module consisted of a collection of seven research-based tasks that 

were compiled with the intention of supporting the activity-based teaching method of the rest of 

the course (and that of the control course as well). 

The first task (Task 0) was an introductory activity, gleaned from Godino et al. (2008), 

which utilizes a random generation task to “assess the students’ conceptions of randomness and 

help them overcome some of their misconceptions on the topic” (Batanero et al., 2010, p. 2). The 

students were asked to hypothetically flip a fair coin 20 times and generate a sequence of heads 

(H) and tails (T) in such a way that another student would think that the coin was flipped at 

random. The students wrote down the result on the worksheet provided (Appendix B). Next, the 

students were asked to actually flip a real coin 20 times and record the sequence of results on the 

worksheet. The students shared their results and compared the hypothetical results with the 

actual results (specifically looking at the number of heads, number of runs, and lengths of runs). 

A class summary graph was provided for the students’ data to be pooled and collectively 

analyzed (Appendix C). The instructor then led the students through a discussion their intuitions 

regarding this activity and guided the discussion to reveal some common misconceptions that the 

class showed in their hypothetical results. This activity was chosen to specifically to bring out 

the misconceptions of variety, symmetrical outcomes, lack of patterns, and lack of order. 

The next six activities were given to the students as a single packet. The students were 

assembled into small groups (three to four) and asked to complete part one of each task. Students 
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worked together in small groups to choose what they thought was the best answer and justified 

their answer with a written explanation. The instructor then gathered the class as a whole and 

students shared their answers and explanations. One task at a time, as correct answers were 

identified and justified, incorrect answers were discussed and new misconceptions were 

suggested by the students and labeled (and, if necessary, suggested) by the instructor. At the 

conclusion of each task, students wrote a brief reflection (in part two) about how the incorrect 

answers may have been a result of a particular misconception of randomness. The tasks are 

provided in Appendix B and also briefly discussed below. 

Task 1: For a popular sport, the game often begins by flipping a coin to see which team 

gets first use of the ball. During a recent sports season, a team captain had lost eight out of nine 

tosses in his team’s previous nine games. Suppose for the next four coin tosses, the coin lands 

tails up four times in a row. Assuming that the captain wants to win the fifth toss, should he/she 

choose 

a. Heads 

b. Tails 

c. Doesn’t Matter 

Please explain your answer. 

This task was adapted from Watson’s (2001) study of in-service teachers’ competence with 

probability and data analysis concepts. The task was designed to identify the misconceptions of 

randomness as variation (with the selection of a) and lack of control (with the selection of b). 

The selection c, along with an explanation/justification of this choice may reveal a correct 

intuition about randomness, or expose additional incorrect conceptions. 

Task 2: In your opinion, which of the following sequence(s) seem random? 
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a. HHTTHT 

b. HTHHTH 

c. HTHTHT 

d. HHHHHH 

e. HTTTTH 

Do any seem more/less random than others? Please explain your reasoning. 

This task was taken from ARTIST (Assessment Resource Tools for Improving Statistical 

Thinking) Item Database Assessment Builder (2012) to check for the misconceptions of 

randomness as variation, lack of patterns, lack of order, and symmetrical outcomes. 

Task 3: If a coin is flipped 10 times, and the results are recorded (Heads or Tails), which 

outcome below is MORE LIKELY to occur? 

a. H T T H T H H T T T 

b. H T H T H T H T H T 

c. NEITHER 

Please explain your choice. 

This task was taken from ARTIST Item Database Assessment Builder (2012) to check for the 

misconceptions of randomness as lack of pattern and lack of order. 

Task 4: A bowl has 100 wrapped hard candies in it. 20 are yellow, 50 are red, and 30 are 

blue. They are well mixed up in the bowl. Jenny pulls out a handful of 10 candies, counts the 

number of reds, and tells her teacher. The teacher writes the number of red candies on a list. 

Then, Jenny puts the candies back into the bowl, and mixes them all up again. Four of Jenny’s 

classmates do the same thing. They each pick 10 candies and count the reds, and then the teacher 

writes down the number of reds. Then they put the candies back and mix them up again each 
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time. What do you think the teacher’s list for the number of reds is most likely to be (please 

select one)? 

a.  8, 9, 7, 10, 9 

b. 3, 7, 5, 8, 5 

c. 5, 5, 5, 5, 5 

d. 2, 4, 3, 4, 3 

e. 3, 0, 9, 2, 8 

Please explain your reason. 

This task was adapted from the ARTIST Item Database Assessment Builder (2012) to check for 

the misconceptions of randomness as variation and lack of order. 

Task 5: If a fair coin is tossed eight times, which of the following ordered sequences of 

heads (H) and tails (T), if any, is most likely to occur? 

a. T T H H H H T T  

b. H H H H H H H H  

c. H T H T H T H T  

d. H H T H T H H H  

e. All sequences are equally likely.  

Which of the following best describes the reason for your answer in the preceding question? 

f. Every sequence of eight tosses has exactly the same probability of occurring.  

g. Since tossing a coin is random, the coin should not alternate between heads and 

tails. 

h. There ought to be roughly the same number of tails as heads.  

i. Since tossing a coin is random, you should not get a long string of head or tails.  
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This task was taken from the ARTIST Item Database Assessment Builder (2012), but can also be 

found in Hirsch and O’Donnell (2001). This task was chosen to check for the misconceptions of 

randomness as variation, symmetrical outcomes, lack of patterns, and lack of order. The 

misconception of unpredictability could have emerged here depending on the students’ responses 

during the discussion time. Students could have chosen selection e as a result of extrapolating the 

local unpredictability of a random sequence to a global unpredictability; hence any of the choices 

could work. 

Task #6: If a fair die is rolled eight times, which of the following ordered sequences of 

results, if any, is least likely to occur? 

a. 2 3 4 5 6 1 2 3  

b. 6 4 3 2 4 1 5 6  

c. 5 6 2 6 3 5 4 2  

d. 2 1 4 3 1 5 4 6  

e. All sequences are equally likely.  

Which of the following best describes the reason for your answer to the preceding question? 

a. You are much more likely to get a mixture of different numbers than an ordered 

sequence.  

b.  Since rolling a die is a random event, a result like that is very unlikely.  

c.  All sequences of rolls have exactly the same probability of occurring. 

d.  You are much more likely to get a mixture of different numbers than numbers that 

repeat. 

This last task was taken from the ARTIST Item Database Assessment Builder (2012), and 

elicited the misconceptions of randomness as variation, lack of order, and lack of patterns. 
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Assessments 

The pretest and posttest assessments each included 11 questions aimed at eliciting 

misconceptions about randomness (often more than one question comprising a single assessment 

item). The items on each assessment contained similar content and were compiled from 

previously mentioned research studies concerning conceptions of randomness, though not 

exclusively involving preservice teachers. Each assessment item is provided below, with 

comments about where the questions came from and which misconceptions each item elicited. 

Qualitative results on each item can be found in Chapter 4 and further discussion about the 

qualitative and quantitative results can be found in Chapter 5. 

Item A: What does mathematically “random” mean to you? 

This item was an open-ended question, created to ascertain students’ conceptions of 

mathematical randomness. This intention, here, was to let the students freely describe their 

idea(s) without intentionally evoking a particular response or way of thinking. 

 Item B: If you flip a fair coin and get heads five times in a row, what is the chance of 

getting tails on the next flip? 

a. Greater than 50% 

b. 50% 

c. Less than 50% 

Please explain your answer. 

Item B was chosen from the ARTIST Item Database Assessment Builder (2012) to check for the 

misconceptions of variety and/or lack of control. This item was also used by Green (1982), 

Konold et al. (1993), and Konold (1995) for related studies. The choice of answer, along with a 

written description aided the analysis of each student’s thinking on this item. 
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Item C (Pretest): A bag has nine pieces of fruit: three apples, three pears, and three 

oranges. Four pieces of fruit are picked one at a time. Each time a piece of fruit is picked, the 

type of fruit is recorded, and it is then put back in the bag and the contents are well mixed. If the 

first three pieces of fruit are apples, what type of fruit is the fourth pick most likely to be? 

a. A pear 

b. An apple 

c. An orange 

d. An orange or a pear are both equally likely and more likely than an apple 

e. An apple, orange, or pear are all equally likely 

Which of the following best describes the reason for your answer to the preceding question? 

a. I picked this answer because any of the fruit can be picked. 

b. The apples seem to be lucky. 

c. Each fruit has exactly the same chances of being picked. 

d. The fourth piece of fruit will not be an apple because too many have already been 

picked. 

Item C (Posttest): A box contains six balls: two are red, two are white, and two are blue. Four 

balls are picked at random, one at a time. Each time a ball is picked, the color is recorded, and 

the ball is put back in the box. If the first three balls are red, what color is the fourth? 

a. Red 

b. White 

c. Blue 

d. Blue and white are equally likely and more likely than red. 

e. Red, blue and white are all equally likely 
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Which of the following best describes the reason for your answer in the preceding question? 

a.  The fourth ball should not be red because too many red ones have already been 

picked. 

b. The picks are independent, so every color has an equally likely chance of being 

picked. 

c. Red seems to be lucky. 

d. This color is just as likely as any other color.  

Item C was chosen from the ARTIST Item Database Assessment Builder (2012) to check for the 

misconceptions of variation, unpredictability, or lack of control. The second question on Item C 

was designed to illuminate students’ thinking and point the researcher to any misconceptions that 

students’ may have shown in the previous question.  

Item D (Pretest): If a fair coin is tossed five times, which of the following ordered 

sequence of heads (H) and tails (T), if any, is MOST LIKELY to occur? 

a. H T H T T 

b. T H H H H 

c. H T H T H 

d. Sequences (a) and (c) are equally likely 

e. All of the above sequences are equally likely 

Which of the following best describes the reason for your answer to the preceding question? 

a. Every sequence of five tosses has exactly the same probability of occurring. 

b. Since tossing a coin is random, you should not get a long string of head or tails. 

c. Since tossing a coin is random, the coin should not alternate between heads and tails. 

d. There ought to be roughly the same number of tails as heads. 
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Item D (Posttest): If a fair die is rolled five times, which of the following ordered sequence of 

results, if any, is MOST LIKELY to occur? 

a. 3 5 1 6 2 

b. 4 2 6 1 5  

c. 5 2 2 2 2 

d. Sequences (a) and (b) are equally likely 

e. All of the above sequences are equally likely 

Which of the following best describes the reason for your answer in the preceding question? 

a.  Since rolling a die is random, numbers should not repeat until most of the numbers 

appear. 

b. Every sequence of five rolls has exactly the same probability of occurring. 

c. There ought to be a random mixture of numbers. 

d. Any of the sequences could occur. 

This item was chosen from the ARTIST Item Database Assessment Builder (2012) and can also 

be found in Hirsch and O’Donnell (2001) to check for the misconceptions of variety, 

unpredictability, symmetrical outcomes, or lack of patterns. The second question on Item D, 

similar to the second part of item C, illuminated student thinking so that the research could 

identify any misconceptions shown by the response to the first question in Item D. 

Item E: Which of the following sequences is most likely to result from flipping a fair coin 

five times in a row? 

a. H H H T T 

b. T H H T H 

c. T H T T T 
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d. H T H T H 

e. All four sequences are equally likely 

Select one or more explanations for the answer you gave in the item above. 

a. Since the coin is fair, you ought to get roughly equal numbers of heads and tails. 

b. Since coin flipping is random, the coin ought to alternate frequently between landing 

heads and tails. 

c. Any of the sequences could occur. 

d. If you repeatedly flipped a coin five time, each of these sequences would occur about 

as often as any other sequence. 

e. If you get a couple of heads in a row, the probability of a tails on the next flip 

increases. 

f. Every sequence of five flips has exactly the same probability of occurring.  

Item E was chosen from the ARTIST Item Database Assessment Builder (2012) and can also be 

found in Konold (1995) to check for the misconceptions of variety, unpredictability, or 

symmetrical outcomes. The reasons selected in the second question of Item E helped to clarify 

student thinking and make existing misconceptions evident.  

Item F (Pretest/Posttest): Which of the sequences is least likely to result from flipping a 

fair coin five times? 

a. H H H T T 

b. T H H T H 

c. T H T T T 

d. H T H T H 

e. All four sequences are equally likely 
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Please explain your answer. 

Item F was chosen from the ARTIST Item Database Assessment Builder (2012) and can also be 

found in Konold (1995) to check for the misconceptions of variety, lack of patterns, or lack of 

order. The open-ended request for an explanation, similar to Item B, was meant to allow students 

to justify their answer and also to draw out specific misconceptions that governed the multiple-

choice response. 

 Item G (Pretest, Part 1): Paul plays a game using nine counters numbered 1, 2, 3, 4 . . . 9. 

Paul puts the counters in a tin. He shakes the tin a lot. Rachel shuts her eyes and picks out a 

counter. It is number seven. Paul marks an “x” in box seven. The seven is put back in the tin, the 

tin is shaken thoroughly, and someone else picks a counter. 

1 2 3 

4 5 6 

7 8 9 

Figure 1. Blank Grids for Item G. 

The above grid was reprinted following each request below. 

a. Suppose you are playing the counters game. Mark the gird according to what you 

think would be the results after four picks from the counter tin. 

b. Hypothetically play the game again. Mark what you think would be the results after 

nine picks from the counter tin. 

c. Play once more. Mark what you think would be the results after 16 picks from the 

counter tin. 
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The posttest version increased the number of counters to 16 and asked students to hypothetically 

pick five, then 16, and then 30. The grids on the posttest consisted of 16 boxes instead nine. 

Item G (Pretest, Part 2): Some children are told to play the counter game by themselves 

using nine real counters. Did some cheat and make it up? Did they all cheat? Please explain the 

reasoning behind your decision for each child: 

 

Figure 2. Hypothetical Grids for Item G. 

This figure was adapted from Green (1997), and represents a sample marking of the grids 

for the hypothetical counter game, designed to determine to which grid(s) the preservice teachers 

will attribute randomness.  

This item was taken from Green (1997) to assess students’ conceptions of mathematical 

randomness in a local (from outcome to outcome, in close proximity) and a global sense (the 

outcomes/two-dimensional array analyzed as a whole). 

Validity and Reliability 

A panel of three experts, consisting of three mathematics education professors, evaluated 

the instruments for content validity. Surveys for the panel members were created, utilizing a 

dichotomous scale (agree or disagree, so that the panel members could not remain neutral), 
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which the panel members used to validate the content of each instrument. The surveys can be 

found in Appendix D. Interrater reliability was sought using Cohen’s Kappa coefficient, and was 

found to be 0.74, an acceptable measure of agreement (Landis & Koch, 1977). 

A split half correlation was computed to measure the internal consistency of the 

assessments. This was done to provide verification that the assessment items were reliably 

measuring the students’ evidence of misconceptions of randomness. Items A, C, and E were 

grouped opposite items B, D, and F. SPSS 19, Statistical Package for the Social Sciences (IBM, 

2010) was employed to calculate a Pearson product-moment correlation coefficient. A positive 

and statistically significant correlation was found between the two halves of the assessments, r = 

0.27, n = 67, p = 0.025. 

Interviews 

 The interview questions were semistructured so as to allow for flexibility of dialogue, 

including probes and follow-up questioning. These questions were used for the purpose of 

clarification of the posttest responses and served as a confirmation of the cognitive measurement 

gathered from the posttest. Patton (1990) suggested that not preparing a standardized interview 

may hamper the researcher’s ability to compare and contrast responses; however, a 

semistructured form allows the interview to take a more conversational tone, yet still preserving 

a systematic approach to the data collection. The interview guide can be found in Appendix E. 

Procedure 

Three participating classes were chosen from the 10 sections of second-level mathematics 

education content courses offered before 1 p. m. on Tuesdays and Thursdays. Participants were 

observed under only one level of the independent variable: the treatment instruction or the 

traditional instruction. As stated before, the treatment group was formed from pooling two of the 
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classes and the control group consisted of a third class. Both the treatment and control groups 

were pretested and posttested on conceptual knowledge of randomness. The instructors of the 

treatment and control groups proctored the assessment for their own classes. A purposeful 

sample of students whose cases helped to explain/illustrate the assessment results was 

interviewed following the posttest. 

The Treatment Group 

 This study took place over a period of two weeks (three to four class periods) for the 

treatment group. The treatment instructors reported the happenings of each class period 

following each meeting time. During the first class meeting, the study was explained and the 

informed consent forms were explained, distributed, and collected. Students were then given the 

pretests. This took 15–20 minutes. After these assessments were collected, students were given 

Task 0 and asked to first, individually, complete the hypothetical flipping of the coin and then 

physically flip the coin as described above in the instrumentation section. The instructor then 

engaged the class in a discussion of the attributes of the sequences that were generated. During 

the second class period, the discussion from the last class period continued and the number of 

heads, the number of runs, and the lengths of the runs were examined for both the sequence that 

was hypothetically generated and the sequence that was physically generated. The class’ 

sequence data was combined, represented on series of graphs, and discussed as described above 

in the instrumentation section. For the rest of the second class period, participants were divided 

into groups of three to four students, and Tasks 1 - 6 were distributed. Students worked on part 

one of the tasks in small groups for approximately 15-20 minutes. The class was brought back 

together to collectively discuss each task as described above in the instrumentation section. The 

tasks could not be fully discussed in one class period, so the discussion was continued to a third 
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class period. At the conclusion of the discussion, the students were posttested on misconceptions 

of randomness. In one of the treatment classes, the discussion took the entire third class period 

and the posttest had to be given at the beginning of the following class period. 

The Control Group 

 The study took place over a period of three weeks for the control group. During the first 

class meeting, the study was explained and the informed consent forms were explained, 

distributed, and collected. Students were then given the pretests. This took 15–20 minutes. After 

these assessments were collected, instruction followed as described above in the instrumentation 

section. 

The Interviews 

 After reviewing the posttests, students who gave responses on the assessments that could 

serve to explain/illustrate the quantitative results of this study were identified. Also, students 

who had contradicting responses of interest to this study (specifically on Items C and E) were 

also identified. Twenty-six participants were interviewed using the semistructured guide found in 

Appendix E. The qualitative data, specifically the interview responses and the written responses 

from the assessments, provided a narrative description that served to illustrate/inform the 

quantitative findings of this study as well as illuminate student thinking in certain areas. 

Therefore, this information has been integrated into the discussion section of this study, in 

Chapter 5. 

Threats to Internal Validity 

The following threats to internal validity were identified: 

1. Mortality: The nature of the treatment method could cause more students to stay in 

(or drop) the course than the control group, causing the groups to be dissimilar, and 
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possibly affecting the results of the assessment exam. This was be addressed by 

pooling the variance to allow the larger group to play a bigger part in determining the 

variance used in the computation of the standard error of the mean difference. 

2. Location: So that the location of the instruction and testing would not generate an 

alternative explanation for assessment results, the instruction and assessment was 

conducted in the same location. 

3. Implementation of treatment: The choice of experienced, high-quality faculty 

members was the attempt to control for inappropriate administration of the 

instructional materials. 

4. Data collector bias: So as to avoid bias in the collection of the data, the researcher did 

not teach the instructional material and did not proctor the assessments. In addition, 

the instrumentation was rated by experts, as mentioned above. 

Method of Analysis and Preliminary Analysis 

As described above, a panel of mathematics education professionals was used to rate the 

content validity of the instruments. Cohen’s kappa was employed to measure the degree of 

agreement between the raters. Also, the reliability of the assessments was determined using a 

split-half correlation on the assessment items. Acceptable values for validity and reliability 

justified the interpretation of the assessment scores from both the treatment and control groups.  

A coding of the manifest content of the assessments facilitated the identification of the 

misconceptions, create a four-level scale for each item and assign scores to both groups. The 

content-analysis coding and the scoring rubrics can be found in Appendices F and G. The group 

results (in terms of frequencies) are displayed in Appendix H. In addition, distributions, means, 
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and standard deviations for the control and treatment responses for each assessment item were 

calculated.  

Cohen’s kappa was used to obtain a measure of internal consistency of the scoring of the 

pretest and posttest for both groups. The assessments were scored using a rubric for each item, 

and then scored again one month later. The reliability coefficient between the two scorings was 

computed to be !  = 0.82 for the pretest scores and !  = 0.80 for the posttest scores, indicating 

substantial intrarater reliability (Gwet, 2008; Landis & Koch, 1977). 

Comparisons were made between the control and treatment groups’ pretest and posttest 

scores using a parametric test, specifically the t test for independent means. SPSS 19 was 

employed for the computation of the preliminary analyses (reported in detail below), descriptive 

statistics (Table 1, Chapter 4), and inferential statistics. A nondirectional hypothesis test was 

employed for the pretest analysis. A directional hypothesis test was used to examine the 

posttests, because a review of the literature provided strong evidence for claiming that the 

treatment students should do better on the posttest. Also, a directional hypothesis test has more 

power than a nondirectional test. In other words, it would be less likely to overlook a statistically 

significant effect with the directional test (assuming the direction was accurately predicted). The 

alpha level was set at .05 for both hypothesis tests. Other calculations included effect size and 

confidence intervals.  

During preliminary analysis, it was observed that the treatment group had a tendency to 

achieve higher posttest scores and a larger pretest/posttest mean gain (the score increase from the 

pretest to the posttest) than the control group. In fact, the latter discovery generated three 

additional hypotheses. Hypothesis 4 is directional, which is consistent with the posttest 

hypotheses that were derived following the review of literature. Hypotheses 5 and 6, for 



 51 

individual item pretest and posttest scores within groups, were nondirectional because any 

significant difference between the scores would be of interest: 

Hypothesis 4. Students who experienced the treatment instruction had a significantly 

larger gain in scores from pretest to posttest than students who experienced the traditional 

instruction. 

Hypothesis 5. For the students who experienced the treatment instruction, there will be no 

significant difference between the indicated assessment item scores on the pretest and the 

corresponding item scores on the posttest.  

Hypothesis 6. For the students who experienced the traditional instruction, there will be 

no significant difference between the indicated assessment item scores on the pretest and the 

corresponding item scores on the posttest. 

To examine the mean gain scores, a directional t test for independent means was 

conducted on the overall gain scores of both groups. Those data are displayed in Tables 1 and 2, 

Chapter 4. Each assessment item was analyzed between and within the groups using a one-tailed 

independent t test. These data are stated throughout the Item Analysis section of Chapter 4. Also 

reported are the descriptive statistics on each item along with effect sizes of the parametric tests. 

To further examine the notably higher posttest scores of the treatment group, the 

assessments were rescored based on dichotomous evidence of the misconceptions (either there 

was evidence, or there was not). In other words, full mastery of assessment content was 

identified. The Wilcoxon (Mann-Whitney) U test, equivalent to the t test for independent means, 

was used to run the statistical tests on this data for Hypotheses 1, 2, and 4; nonparametric tests 

being appropriate here, because the new scores were rankings, and therefore ordinal data. The 

newly scored assessment statistics are displayed in Table 2 in Chapter 4. A nonparametric effect 
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size was gleaned from Grissom and Kim (2012). These researchers presented a way of 

calculating an effect size for the Mann-Whitney U test by considering the U statistic along with 

the sample sizes of each group, effectively estimating the probability that a randomly drawn 

score from the treatment group will be larger than a randomly drawn score from the control 

group. 

This study also attempted to answer whether the treatment instruction successfully 

remedied wrong conceptions about randomness. Therefore the manifest content of each 

assessment item was categorized according to the six types of misconceptions. Dichotomous data 

were tallied on whether or not each student showed evidence of a misconception throughout an 

entire assessment (i.e., if a student showed the misconception of variety multiple places on an 

assessment, evidence of this misconception was tallied only once). Two final hypotheses 

emerged, and were nondirectional because a significant difference in either direction would be of 

interest:  

Hypothesis 7. Between the treatment and control groups, there will be no significant 

difference in proportion of students who displayed evidence of the indicated misconception on 

the posttest.  

Hypothesis 8. Within the treatment and control groups, there will be no significant 

difference in proportion of students who displayed evidence of the indicated misconception from 

the pretest and the posttest. 

First, Fisher’s Exact Test was chosen to examine if the numbers of students who 

displayed misconceptions after treatment instruction were significantly different than those of 

students who did not receive the treatment instruction. This test was more appropriate than Chi 

square because sufficiently small expected values existed (Fisher, 1970, Yarnold, 1970). Second, 
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McNemar Chi-square tests were employed to compare the proportions within the groups before 

and after probability instruction. Correction was not made for continuity because it is 

recommended that if more than 20% of the cell frequencies are less than 5 (some say less than 

10), a Yates’s correction is inappropriate and therefore the 2χ value will be inaccurate 

(Newcombe, 1998). 

Assumptions 

An attempt has been made to minimize assumptions with the design of the study (as 

shown above); however, the following additional assumptions need to be explicitly stated for the 

benefit of the reader: 

1. Attrition was expected as students dropped their mathematics-education course (or 

did not complete all stages of the study) for a number of reasons, thereby reducing the 

sample size. 

2. Participants/Raters responded truthfully and to the best of their ability. 

3. Participants understood and followed the directions on the instruments. 

4. The instructors were capable of promoting learning. 

5. Instructional design can affect student conceptions. 

6. Since participants had already been admitted to the university, it was assumed that the 

students’ mental capabilities were within the normal range for university 

undergraduates and that the sample resembled a normal distribution with regard to 

scholarship capability. 

7. Independence: It was assumed that one participant’s assessment score had no effect 

on another participant’s score, and also that participants appeared at one and only one 

of the levels of the independent variable. 
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8. Because the dependent variables were assessment scores, the data were ratio-scale 

data, and were, therefore, continuous. 

9. Normality with respect to the assessment scores: The parametric t tests require that 

the assessment data be normally distributed. SPSS 19 was employed to plot 

histograms that allowed the researchers to confirm normal distribution. 

10. Homogeneity of variance: The two populations that the treatment and control samples 

were to represent needed to have equal variances. If they did not, there would be 

evidence that the populations were not identical. The attempt to control for this 

situation was randomly selecting classes only from sections offered near the same 

time of day, on the same days of the week, with the same length of instruction time. 

Included in the SPSS 19 calculations of the inferential statistics was a test for equal 

variances. If the variances were not equal, the program indicated such and 

automatically calculated an additional parametric t-test that had been adjusted for 

unequal variances. This is a very conservative calculation and allowed the researcher 

to confidently report the inferential statistics. 

Ethical Considerations 

Prior to collecting the data for this study, a signed informed consent form was obtained 

from each participant in the study. The informed consent form can be found in Appendix I. Data 

(including background information) was collected on each participant and was stored in a locked 

file cabinet and a secured laptop and will be destroyed/deleted after three years following the 

study (the length of time required by the institutional review board). Each participant was 

assigned a nonidentifiable numerical code to ensure confidentiality. Only my dissertation 

committee and I had access to the research data, and only I had access to the identifiable data. 
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Any data that existed from subjects who withdrew (or were withdrawn) from the study was filed 

separately and will be destroyed later with the rest of the data. The risks to each participant were 

minimal, because they mirrored those that a student would experience in a normal classroom 

setting when disclosing thoughts about a particular concept to the instructor. The only benefits 

were that the preservice teachers might have gained knowledge about misconceptions regarding 

mathematical randomness. I, and my faculty sponsor from Indiana State University, have 

completed the ethical research training course as required by the institution from which the data 

were collected and Indiana State University. 
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CHAPTER 4 

 

RESULTS 

The data analysis is reported in three sections. The first section focuses on the results of 

the hypothesis testing, comparing the control and treatment groups on pretest, posttest, and 

average pretest-posttest gain scores. The second section consists of analyses of the six items for 

both assessments. Section three contains proportion analyses focusing on the frequencies of 

students that displayed misconceptions regarding randomness. 

Total Score Analysis 

Hypothesis 1. There will be no significant difference between the pretest assessment 

scores of the students who experienced the treatment instruction and students who experienced 

the traditional instruction. 

Hypothesis 2. Students who experienced the treatment instruction will score significantly 

higher on the posttest assessment than students who experienced the traditional instruction. 

Hypothesis 4. Students who experienced the treatment instruction had a significantly 

larger gain in scores from pretest to posttest than students who experienced the traditional 

instruction. 
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Table 1 

Pretest, Posttest, and Pre/Post Gain Means (M), [Confidence Intervals], and Standard 

Deviations (SD) 

Group Pretest Posttest Pretest/Posttest Gain 

 
Control 
(n = 30) 

 
M = 10.90 
[9.79,12.01] 
SD = 3.10 

 
M = 11.43 

[10.70,12.16] 
SD = 2.05 

 
(M2 – M1) = 0.57 

[-0.56,1.70] 
SD = 3.15  

 
Treatment 
(n = 37) 

M = 10.14 
[8.90,11.38] 
SD = 3.85 

M = 12.11 
[10.93,13.29] 

SD = 3.67 

(M2 – M1) = 1.43 
[0.08,2.78] 
SD = 4.19 

Note. Both assessments had an 18 point scale. M2 is the posttest group mean and M1 is the pretest 
group mean. 
 

There was no significant difference between the treatment group and the control group 

for total pretest scores, t(65) = -.88, p = .38. In addition, the treatment group did not score 

significantly higher on the posttest scores, t(58.24) = 0.95, p = 0.18. Also, Cohen’s d was used 

to measure the strength of the association between the instructional method and the posttest 

scores. Consistent with the above data, the measurement was found to be 0.23, indicating low 

practical significance (Cohen, 1992). 

The results of the t test indicated that the treatment group did not have a significantly 

larger gain in scores from the pretest to the posttest than the control group, t(65) = .94, p = 0.18. 

As expected, Cohen’s d (d = 0.24) suggested a low practical significance. 
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Table 2 

Mann-Whitney U Statistics for Full Mastery 

Group Pretest  Posttest Pretest/Posttest Gain  
 
  

Control 
(n = 30)  

 
Mean Rank 

 
    35.65 30.93 29.53 

Sum of Ranks 1069.50 928.00 886.00 
 
  

Treatment 
(n = 37)  

 
Mean Rank 

 
    32.66 36.49 37.62 

Sum of Ranks 1208.50 1350.00 1392.00 

Mann-Whitney U 505.50 463.00 421.00 
 

 

 The Mann-Whitney U test results for full mastery revealed a non-significant difference 

between the groups for the pretest scores, z = -0.64, p = .52. For the posttest scores, z = -1.20, p = 

.06, the results indicated a non-significant trend in the predicted direction. However, the 

pretest/posttest gain scores, z = -1.74, p = .04, indicated a significant trend in the predicted 

direction, specifically a notable performance increase from the pretest to the posttest for the 

treatment group. Grissom and Kim’s (2012) p̂was 0.42 for the posttest scores and 0.45 for the 

gain scores, both suggesting a low to medium practical significance of the treatment instruction 

affecting posttest scores.  
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Item Analysis 

Hypothesis 3. Students who experienced the treatment instruction will score significantly 

higher on the indicated posttest assessment item than students who experienced the traditional 

instruction. 

Hypothesis 5. For the students who experienced the treatment instruction, there will be no 

significant difference between the indicated assessment item scores on the pretest and the 

corresponding item scores on the posttest.  

Hypothesis 6. For the students who experienced the traditional instruction, there will be 

no significant difference between the indicated assessment item scores on the pretest and the 

corresponding item scores on the posttest. 

  

Figure 3. Mean scores of both groups per item.  

This figure illustrates the mean score, per item, of the treatment and control groups, on 

the pretest and the posttest. 
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Item A 

Table 3 

T test for Independent Means on Posttest, Item A 

Group M SD t (n = 67) df Sig. 

Control 
0.27 

[0.02,0.52] 
0.69 

2.512 58.54 .008 
Treatment 

0.86 
[0.46,1.26] 

1.23 

Note. The item had a 3-point scale. [95% Confidence Interval] 

 

As evidenced in the above table, the result of the t test indicates that the treatment group 

scored significantly higher on Item A (p < .05), with Cohen’s d (d = .62) suggesting a moderate 

to high practical significance. 

Within groups, the treatment scores increased, and significantly differed from pretest (M 

= .32, SD = .94) to posttest (M = .86, SD = 1.23) on Item A, t(36) = -2.09, p = .04, with Cohen’s 

d (d = -.31) suggesting a low practical significance. The control scores decreased, but the 

difference was not significant from pretest (M =.30, SD = .79) to posttest (M = .27, SD = .69) for 

this item, t(29) = .33, p = .75, with low practical significance as evidenced by Cohen’s d (d = 

.06). 
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Item B 

Table 4 

T test for Independent Means on Posttest, Item B 

Group M SD t (n = 67) df Sig. 

Control 
2.77 

[2.54,3.00] 
0.63 

0.27 65 0.40 

Treatment 
2.81 

[2.58,3.04] 
0.70 

Note. The item had a 3-point scale. [95% Confidence Interval] 

 

As evidenced in the above table, the result of the t test indicates that the treatment group 

did not score significantly higher than the control group on Item B (p > .05). Within groups, 

neither the treatment group (t[36] = -1.23, p = .23) nor the control group (t[29] = -1.44, p = .16) 

scores significantly differed from pretest to posttest, though both groups’ scores increased. 

 

Item C 

Table 5 

T test for Independent Means on Posttest, Item C 

Group M SD t (n = 67) df Sig. 

Control 
3.00 

[3.00,3.00] 
0 

-3.071 36 .998 

Treatment 
2.49 

[2.16,2.82] 
1.02 

Note. The item had a 3-point scale. [95% Confidence Interval] 
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As evidenced in the above table, the result of the t test indicates that the treatment group 

did not score significantly higher on Item C (p > .05). Surprisingly, it was the control group that 

scored higher. Consistently, within groups, it was the improved control scores that were observed 

to significantly differ from pretest to posttest t(29) = -4.014, p = .00, while the treatment scores, 

though improved, did not significantly differ t(36) = -1.73, p = .09. 

 

Item D 
 
Table 6 

T test for Independent Means on Posttest, Item D 

Group M SD t (n = 67) df Sig. 

Control 
1.63 

[1.24,2.02] 
1.10 

.35 65 .37 

Treatment 
1.73 

[1.35,2.11] 
1.17 

Note. The item had a 3-point scale. [95% Confidence Interval] 

 

As evidenced in the above table, the result of the t test indicates that the treatment group 

di not score significantly higher than the control group on Item D (p > .05). However, the 

treatment group’s scores significantly differed from pretest to posttest t(36) = 2.16, p = .04, and a 

decrease in scores was observed. The control group’s scores, decreased as well, but the 

difference from pretest to posttest was not significant, t(29) = 1.53, p = .14. 
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Item E 

  
Table 7 

T test for Independent Means on Posttest, Item E 

Group M SD t (n = 67) df Sig. 

Control 
1.30 

[0.94,1.66] 
1.02 

2.717 64.58 .004 

Treatment 
2.03 

[1.65,2.41] 
1.17 

Note. The item had a 3-point scale. [95% Confidence Interval] 

 

As evidenced in the above table, the result of the t test indicates that the treatment group 

scored significantly higher on Item E (p < .05). Within groups, the treatment group scores 

increased, and showed a moderately significant difference, from pretest to posttest t(36) = -2.05, 

p = .048, while the control group scores decreased, but the difference was not significant, t(29) = 

1.49, p = .15. 
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Item F  

Table 8 

T test for Independent Means on Posttest, Item F 

Group M SD t (n = 67) df Sig. 

Control 
2.47 

[2.10,2.84] 
1.04 

-0.99 65 0.17 

Treatment 
2.19 

[1.80,2.58] 
1.22 

Note. The item had a 3-point scale. [95% Confidence Interval] 

 

As evidenced in the above table, the result of the t test indicates that the treatment group 

did not score significantly higher than the control group on Item F (p > .05). However, the 

treatment group scores increased postinstruction, and this difference in scores was significant 

from pretest to posttest t(36) = -3.85, p = .00. The control group scores improved from pretest to 

posttest also, but this difference was not significant t(29) = -0.50, p = .62. 
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Proportion Analysis of the Misconceptions 

In this section, Table 9 summarizes the total number of times students displayed 

each of the six misconceptions. Results follow the table. 

Hypothesis 7. Between the treatment and control groups, there will be no 

significant difference in proportion of students who displayed evidence of the indicated 

misconception on the posttest.  

Hypothesis 8. Within the treatment and control groups, there will be no significant 

difference in proportion of students who displayed evidence of the indicated 

misconception from the pretest and the posttest. 

Note. The sample size for the control group was 30 and the treatment group was 37. 
Confidence intervals calculated according to Newcombe (1998). 

 

Table 9 

Frequencies and Relative Percentages of Misconceptions [with 95% Confidence Intervals] 

Misconceptions Pretest Posttest 

 Control Treatment Control Treatment 

Variety 15(50%) 
[33.15, 66.85] 

19(51.4%) 
[35.89, 66.55] 

12(40%) 
[24.59, 57.68] 

11(29.7%) 
[17.49, 45.78] 

Unpredictability 16(53.3%) 
[36.14, 69.76] 

24(64.9%) 
[48.75, 78.17] 

24(80%) 
[62.69, 90.49] 

24(64.9%) 
[48.75, 78.17] 

Symmetrical 
Outcomes 

3(10%) 
[3.46, 25.62] 

4(10.8%) 
[4.28, 24.71] 

0(0%) 
[0, 11.35] 

2(5.4%) 
[1.50, 17.71] 

Lack of Patterns 6(20%) 
[9.51, 37.31] 

6(16.2%) 
[7.65, 31.14] 

3(10%) 
[3.46, 25.62] 

15(40.5%) 
[26.35, 56.51] 

Lack of Control 6(20%) 
[9.51, 37.31] 

18(48.6%) 
[33.45, 64.11] 

9(30%) 
[16.66, 47.88] 

9(24.3%) 
[13.36, 40.11] 

Lack of Order 12(40%) 
[24.59, 57.68] 

6(16.2%) 
[7.65, 31.14] 

8(26.7%) 
[14.19, 44.45] 

8(21.6%) 
[11.39, 37.19] 
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The following line graph (Figure 4) may assist in visualizing the results of the 

frequencies of the misconceptions by group. 

 

Figure 4. Bar graph by misconception. 

This figure illustrates the percentages of students in the treatment and control 

groups that displayed each type of misconception at least once on the pretest and the 

posttest. 

The results of the Exact test indicated that there was only one significant 

difference in the misconception proportions between groups on the posttest, namely lack 

of patterns, 2χ (1) = 7.87, p = .006, with these proportions being higher after the 

treatment instruction. The accompanying strength of association between the treatment 

instruction and the posttest scores, Cramer’s V (V = 0.34), was moderate. Further, within 

groups, McNemar’s test indicated that the control group saw only one significant increase 

in the frequencies of misconceptions from pretest to posttest, namely unpredictability, 
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2χ (1) = 4.57, p = .03, V = .26, while the treatment group showed two significant 

differences. The lack of patterns misconception proportions were significantly higher 

after the treatment instruction, ! 2 (1) = 5.40, p = .02, but significantly lower for lack of 

control, 2χ (1) = 4.77, p = .03. Cramer’s V for these two misconceptions yielded 

moderate strength of association, V(lack of patterns) = .28 and V(lack of control) = .27. 

7 
67 
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CHAPTER 5 

 

SUMMARY, DISCUSSION, IMPLICATIONS, AND CONCLUSIONS 

Summary 

The purpose of this study was to compile and validate instructional materials that 

facilitate preservice teachers’ conceptual understandings of randomness. The quasiexperimental 

design utilized a mixed-method approach to compare the cognitive effects of the instructional 

materials. In addition to the instructional materials, assessment instruments were compiled and 

validated. The assessment items were intended to illuminate cognitive growth, resulting from the 

treatment instruction. The participants selected for this study were 67 undergraduates enrolled in 

three mathematics education courses at a middle-sized Midwestern university in the United 

States. This convenience sample represented approximately one-third of the teacher-education 

students enrolled in a mathematics-education content course (containing probability and 

statistics) at this institution. Three sections were chosen, two of the classes were pooled to form 

one group, and the two groups were randomly assigned to either the experimental course that 

included a brief task-based module on misconceptions of randomness in the probability unit or 

the traditional course that did not include this experimental module. 

The participants were pretested and posttested for evidence of misconceptions regarding 

randomness. The qualitative data were quantified and then analyzed using parametric and 
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nonparametric tests for means and proportions. Interviews of selected students followed, 

providing more qualitative data with which to explain or illustrate the quantitative results. 

Results of the Hypothesis Tests 

Hypothesis 1 for the pretests: There will be no significant difference between the pretest 

assessment scores of the students who experienced the treatment instruction and students who 

experienced the traditional instruction. 

Hypothesis 2 for the posttests: Students who experienced the treatment instruction will 

score significantly higher on the posttest assessment than students who experienced the 

traditional instruction. 

Hypothesis 4 for the pretest/posttest gain scores: Students who experienced the treatment 

instruction had a significantly larger gain in scores from pretest to posttest than students who 

experienced the traditional instruction. 

Sufficient evidence was found to state that there was no difference between the treatment 

group and the control group in terms of total pretest and total posttest scores. It was observed that 

there was a tendency for the treatment group to score higher than the control group, with regard 

to total posttest scores, but the results were still not statistically significant. However, it was also 

observed that there was a tendency for the treatment group to score higher than the control group 

from pretest to posttest (gain scores). The treatment group’s score increase was found to be 

significant, when focusing on full mastery, leading to a conclusion that the experimental activity-

based instruction that included explicit instruction on misconceptions of randomness appeared to 

result in more cognitive growth (in terms of students correct understandings of randomness) than 

the traditional activity-based instruction that did not explicitly address the misconceptions. 
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Hypothesis 3 for each assessment item for the posttest scores: Students who experienced 

the treatment instruction will score significantly higher on the indicated posttest assessment item 

than students who experience the traditional instruction 

Hypotheses 5 and 6 for corresponding pretest/posttest assessment items scores: For the 

students who experienced the treatment instruction, there will be no significant difference 

between the indicated assessment item scores on the pretest and the corresponding item scores on 

the posttest. For the students who experienced the traditional instruction, there will be no 

significant difference between the indicated assessment item scores on the pretest and the 

corresponding item scores on the posttest. 

An analysis of each assessment item revealed that following explicit instruction on 

misconceptions of randomness, the treatment group scored significantly higher than the control 

group on two questions, while the control group did not score significantly better than the 

treatment group on any question. Furthermore, when considering the pretest to posttest 

improvement for each item, the treatment group improved significantly on three items with a 

trend of improvement on two more items. This is described in more detail below, but in 

summary, the explicit instruction in misconceptions of randomness seemed to significantly 

improve students’ descriptions of mathematical randomness and their tendency to use 

misconceptions to justify whether a sequence is a result of a random situation. However, it 

should be noted that the treatment instruction also seemed to confound the treatment students’ 

intuitive ideas about global unpredictability versus local unpredictability. 

Hypotheses 7 and 8 for proportion analysis of each misconception: Between the treatment 

and control groups, there will be no significant difference in proportion of students who 

displayed evidence of the indicated misconception on the posttest. Within the treatment and 
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control groups, there will be no significant difference in proportion of students who displayed 

evidence of the indicated misconception from the pretest and the posttest. 

Proportion analysis of evidence of the misconceptions revealed two statistically 

significant proportion differences between the groups. Specifically, following the experimental 

instruction, the treatment group showed a significantly lower proportion of students who 

displayed evidence of the lack of control misconception, but surprisingly, a higher proportion of 

students displayed the lack of patterns misconception. These results are clarified in the following 

discussion of the responses to each assessment item. 

Discussion 

The findings suggest that the treatment instruction tended to promote correct conceptions 

of randomness, specifically helping to remedy a deterministic approach to random situations. 

This section discusses each item of the assessments, providing qualitative evidence to further 

illuminate the quantitative results outlined in Chapter 4. 

Item A was an open-ended item, constructed to assess students’ conceptions of 

mathematical randomness without prompting for, or distracting from, a certain answer. On the 

pretest, popular responses were about a lack of intent of the chooser during the action of 

choosing/picking objects (lack of control), or a lack of order in a list of results. The former 

response seems to imply a deterministic interpretation of randomness. In other words, students 

would attribute randomness to situations in which there was no perceivable intervention that 

would determine a particular outcome. These responses were typical of “Random means when 

you just pick something just because you can for no reason,” or “Chosen or picked without using 

a formula or concrete reasoning.” The lack of order responses seems to indicate that some 

students expected no visible structure in the sequence if it is to be called random: “Random 
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means that it is not in any specific order,” and “Picked out not based on a certain structure.” On 

the posttest, responses seemed to turn to a view of randomness as global unpredictability (that 

the results of an entire distribution cannot be predicted because it comes from a random 

situation). These responses ranged from succinct replies such as “It is unpredictable” to more 

elaborate ones such as “It means the outcome of the problem was by chance, and you didn't 

know what the outcome would be” and “Mathematically random means to me that out of a 

situation there is always going to be an answer, but it is unknown. You won’t know until you 

pick it out. It could be anything, that’s why it’s random.” In the treatment group, following the 

experimental instruction, many responses turned to a more appropriate description of what it 

means to be mathematically random: “That anything has a fair chance of being chosen,” “Each 

option has an equal opportunity to being chosen,” or “Not being able to predict what comes 

next.” 

The results for Item A show that the treatment group scored significantly higher on the 

posttest than the control group, with an impressive effect size, suggesting that explicit instruction 

in misconceptions regarding randomness significantly, and positively, influenced the students’ 

deterministic interpretation of randomness. Hence, it becomes clear why the lack of control 

misconception was significantly suppressed in the treatment group’s results. Discourse exists on 

determinism and randomness and whether these two views can scientifically coexist (Strevens, 

2011; VonPlato, 1982). While this study did not attempt to reconcile the two, the results seem to 

indicate that explicitly discussing that a lack of control (or deterministic intervention) is not 

sufficient for attributing randomness. However, focusing on randomness as local 

unpredictability, seemed to help students correctly describe what mathematical randomness 

means. 
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Item B was chosen from the ARTIST Item Database Assessment Builder (2012) to check 

for the misconceptions of variety and/or lack of control. Students who chose (a) Greater than 

50% thought that heads had shown up too many times already, and tails were due to show up 

next. This shows the misconception of randomness as variation. In other words, these students 

seemed to believe that random processes do not (or should not) produce much repetition of 

results. A typical written explanation of this selection was “Because it can only go two ways and 

you already have the heads” or “I think if you already flipped the coin and got heads five times 

in a row, what are the chances of you getting it again?” Students, who chose (c) Less than 50% 

thought that either the coin was not a fair coin or someone/something was controlling the results. 

These students viewed the problem under this new condition and concluded that it was not a 

random process anymore and that heads would continue to appear. A typical explanation for 

choosing selection (c) was “The odds are already up that getting heads is what will happen next.” 

When selection (b) 50% was chosen, the responses were typical of “When flipping a coin there is 

always a 50% chance of getting heads or tails since there are only two sides.” 

Konold et al. (1993) asked this same type of question to a group of high school students, 

a group of undergraduates, and a group of preservice teachers, and Green (1982) administered 

this question to a large group of 11 to 16 year olds. Consistent with these past studies, this study 

found that the majority of students (93%, 62 of 67 students) correctly answered that, in coin 

flipping, there exists independence from trial to trial. Konold et al. (1993) found that their most 

popular incorrect response was the one that indicated the misconception of variety, but Green 

(1982) found that his groups’ incorrect responses were divided between the misconceptions of 

variety and lack of control. This current study found that 4% (3 of 67 students) of the preservice 
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students’ incorrectly applied the misconception of variety: identical to the Konold et al. (1993) 

preservice teacher results (p. 398). 

Estes (1972) pointed out that students have experience with Bernoulli sequences (like 

flipping a fair coin) before they formally learn about it in school. Specifically, they have more 

experience seeing short runs of the same outcome rather than long runs and therefore this 

frequent observance of short runs will have “more opportunities to become associated with the 

actual outcomes of succeeding trials than will patterns involving long runs . . . Consequently . . . 

the [student] will have learned associations to many short run patterns but to few or no long run 

patterns.” (Estes, 1972, p. 93). Therefore, a student may “predict [a tails following a long string 

of heads], since . . . he[/she] will be guessing in the absence of any learned [long run] 

associations” (Estes, 1972, p. 93). 

The quantitative results for Item B did not reveal a statistically significant difference in 

mean scores between the groups, nor any significant increase in scores from pretest to posttest 

for either group. These results, along with 87% (58 of 67 students) answering correctly on the 

pretest and 93% (62 of 67 students) answering correctly on the posttest, seems to indicate that 

most of the students already had a correct intuition about this problem and the instruction didn’t 

have much of an effect on their thinking. However, it is possible that when there exists a 

binomial situation with symmetrical outcomes, especially 50% probabilities, misconceptions 

about variety can be hidden because these problems make it easier for students to guess correctly 

without a deep understanding of the situation. 

Item C was chosen from the ARTIST Item Database Assessment Builder (2012) to check 

for the misconceptions of variety, unpredictability, or lack of control. The second question on 

Item C was included for the purpose of illuminating what students were thinking when they 
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selected an answer for the first part of Item C. Students who chose Pretest (a) or Posttest (d) 

viewed randomness as unpredictability. Specifically, anything can happen in random processes 

so one cannot predict the results. Students who chose Pretest (b) or Posttest (c) viewed this 

problem as deterministic and that the same outcome would appear again. This shows the 

misconception of randomness as lack of control, because these students no longer felt as though 

the process was random. In other words, someone/something was controlling the results. 

Students who chose Pretest (d) or Posttest (a) wanted to see more variety in the sequence, since 

they were told that it was a random process, and thus decided that a different result was due to 

appear next.  

Students in the treatment group were taught that mathematical randomness has the 

characteristic of local unpredictability. Specifically, with sequences, random means that we 

cannot consistently predict the next consecutive term. Based on the treatment group’s results on 

this item, some of these students seemed to extrapolate to a global idea of randomness and chose 

(d) over (b). In other words, instead of reasoning that each color has an equal opportunity to be 

picked, they chose to respond with the idea that anything can happen in a random sequence. 

Student thinking on this problem was analyzed and it was found that a number students (22%; 15 

of 67 students) responded this way because they interpreted the phrases “any of these sequences 

could occur” and “every sequence has exactly the same probability of occurring” as meaning the 

same thing. The other students’ responses were checked (for response consistency) against Item 

E, which was the other item that was specifically designed to detect this misconception of global 

unpredictability. In other words, any unclear reasoning with unpredictability for Item C was 

clarified with the student’s reasoning for Item E. Of the students who seemed to be displaying 

the misconceptions of unpredictability, 12 students were interviewed. Some illustrative interview 
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responses included “Not every sequence of five flips could have exactly the same probability. 

Also, any sequence could occur but they are not all the same” and “The probability for the five 

flips would not always be the same outcome. It’s possible for any sequence to occur anytime, not 

every sequence.” These responses seem to mirror the type of confusion that students displayed in 

Items E and F, and are described in greater detail in the discussion of those items, below. The 

treatment instruction did not seem to remedy students’ misconceptions about global 

unpredictability. In fact, the trend was that the treatment group scored lower than the control 

group suggesting that explicit instruction of randomness as local unpredictability, as taught in 

this study, may actually confound students’ understandings of unpredictability. 

Item D was chosen from Hirsch and O’Donnell (2001) to check for the misconceptions of 

variety, unpredictability, symmetrical outcomes, or lack of patterns. The second question on Item 

D helped to explain student thinking on the first question by allowing students to chose from four 

options to best explain their reasoning. Students who chose Pretest (b) or Posttest (a) viewed 

randomness as variation. These students did not like long strings of the same result. Students 

who chose Pretest (c) or Posttest (c) did not want to see patterns in the results of this random 

process, specifically that the results should not alternate between two outcomes and that there 

should have been what looked like, according to a student, “a random mixture of outcomes.” 

Students who chose Pretest (d) expected to see approximately the same number of heads and 

tails in the sequence, since they viewed tossing a coin as a random process, indicating the 

misconception of symmetrical outcomes. Students who chose Posttest (d) showed the 

misconception of unpredictability because, to them, any results are possible from a random 

process. Results from this item revealed that the treatment group’s scores significantly dropped 
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from pretest to posttest, suggesting that the treatment instruction did not have a significantly 

positive impact on remedying student conceptions of randomness as unpredictability.  

This trend in Items C and D seems to indicate that the intense focus on local 

unpredictability may have generated an ironic side effect, which Lefebvre (2010) explained: 

If pupils are told to make use of idea A, but not idea B, then they might experience the 

need to consider both notions every time they confront an appropriate situation. Without 

a convincing reason for casting aside the fallacious belief, this may cause dilemmas, even 

for students who were not subject to the misconceptions before the instructor mentioned 

them, since they now have memories of learning about the theory as well as the 

misconceptions in class and we cannot say that they will infallibly associate veracity with 

the correct idea. (p. 4) 

Item E was chosen from Konold (1995) to check for the misconceptions of variety, 

unpredictability, or symmetrical outcomes. The reasons selected in the second questions of Item 

E helped to explain student thinking. Students who chose (a) were focused on the local 

variability of the sequence, wanting to see about the same number of heads and tails 

(misconception of symmetrical outcomes). Since a fair coin was being tossed, and these students 

know that there is a 1/2 probability for heads and the same for tails, and they felt that the desired 

result should be reflected in the total number of heads and tails in the sequence. Similarly, 

students who chose (d) may have been focused on a global variability, thinking that since a fair 

coin was being tossed, and the probability was the same for each outcome, these students 

responded with the idea that each result of five flips will occur about the same number of times if 

the experiment is repeated. Selections (b) and (e) showed which students wanted to see variety in 

the results of this random process. Students who chose either of these selections accepted 
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alternating outcomes and/or rejected long strings of the same outcome. The misconception of 

unpredictability was evident if students chose (c), indicating that the results of random processes 

cannot be predicted, so students chose “every sequence is equally likely,” as the most reasonable 

answer but possibly because it is a vacuously true statement. The results from item E revealed 

that the treatment group scored significantly higher than the control group and had significant 

improvement in scores from pretest to posttest.  

Item F was chosen from Konold (1995) to check for the misconceptions of variety, lack 

of patterns, or lack of order. Students who chose (a) showed the misconception of variety or lack 

of order, depending on their written explanations. Typically, these responses were “It is least 

likely for you to get 3 straight flips of heads. Flipping a coin is random and usually it would be a 

mixture of both heads and tails” or “Probability of having heads 3 in a row and 2 tails are slim.” 

Students who chose (b) may have suspected a pattern or some order to the sequence. This is a 

speculation because none of the participants selected this option. Selection (c) forces students to 

think about the string of 3 tails in a row or if they think there is some order to the outcomes. An 

example written response for selection (c) was “That 4 out of 5 flips is going to be tails is less 

likely to occur than any other sequence.” Lastly, (d) is an alternating pattern and the participants 

who did not like evident patterns chose this selection; typically responding “There rarely is a 

pattern when it comes to coin flipping” or “It is not very likely that a coin would alternate 

between H & T.” Results from this item revealed that the treatment group’s scores significantly 

improved from pretest to posttest. 

Lefebvre (2010) asked four preservice teachers questions similar to Items B, E, and F in 

this study, and Konold et al. (1993), in addition to asking a similar question for Item B, asked the 

exact two questions as Items E and F. Consistent with the findings of both of these studies, an 
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analysis of Items B, E, and F reveal an inconsistency in students’ responses for Items E and F, 

when compared to Item B. These items were intended to utilize similar reasoning, but this study 

found that 16% (11 of 67students) expressed independence between trials of coin flipping when 

explaining Item B, but incorrectly explained Item E, arguing one of the other misconceptions. 

Also, 10% (7 of 67 students) correctly explained Item B, but incorrectly explained Item F. 

Lefebvre (2010) suggested that this inconsistency was “a sign of a fundamental difficulty 

recognizing independence in all settings” (p. 20). Both studies went on to suggest that it may be 

a result of viewing Item B as a “single flip of the coin” and Items E and F as a “sample of . . . 

flips” where the outcomes of the first few flips are known (Konold et al., 1993, p. 411). Students 

may understand that the likelihood of getting heads versus tails on a single flip of the coin is the 

same, but when asked about what they see as a sample of flips, they may focus on the likelihood 

of the number of heads versus the number of tails instead of the likelihood of those exact 

sequences occurring. Lefebvre (2010) observed, “the set of outcomes already recorded and 

grouped together as a sequence appeared to leave the students considering the group as a whole, 

rather than as a set of independent outcomes” (p. 20). To expand on this, there seems to be 

evidence of confusion of two related topics: the probability of a particular sequence occurring 

and the probability of a certain number of heads (or tails) occurring in a sequence of the same 

length. In other words, when asked either of the following questions, 

a. Which sequence is more likely to occur: HHHHHH or HHTTTH 

b. If you flip a fair coin and get heads, five times in a row, what is the chance of getting 

tails on the next flip? (Item B, found in the Instruments section of this paper) 

students may use the following as the basis for their reasoning: 
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a. There are 20 ways that three heads could happen when the coin is flipped six times, 

but only 1 way that all heads could happen. 

b. There are 6 ways that one tail could happen when the coin is flipped six times, but 

only 1 way that all heads could happen. 

As students are learning probability, they may display the misconception of variety (i.e., 

the gambler’s fallacy or the negative recency effect) because they have an intuitive sense of 

binomial probability. In other words, there are more ways to get three heads and three tails than 

to get all heads. This may lead to the conclusion that the specific sequence HHTTTH must be 

more likely to occur than the sequence HHHHHH. In truth, the probabilities of those exact 
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being “seduced by the typicality associated with the sequence [that has more variety]” (p. 20). If 

this was indeed the basis for student thinking, it suggests, as Konold et al. (1993) stated, that 

there may be “a pattern to the inconsistencies among a student’s answers about some chance 

event[s], that they are neither a reflection of basic deficits in logical reasoning nor a result of 

simple carelessness” (p. 411). The significant results for both Items E and F suggest that explicit 

instruction on the misconception of variety, along with practice in considering the probability of 

an exact sequence occurring, may have helped to improve students’ intuition about these 

problems. 

Item G was not quantitatively figured into the assessment results of the two groups. 

However, these questions involved two-dimensional random generation and random recognition, 

though not in the same sense as one-dimensional sequences, and offered insight into student’s 
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intuitions about randomness. This item was taken from Green (1997) to assess students’ 

conceptions of mathematical randomness in a local (from outcome to outcome, in close 

proximity) and a global sense (the outcomes/two-dimensional array analyzed as a whole). One 

component of the treatment instruction focused on the difference between local variability and 

global variability in a randomly generated one-dimensional sequence. On the posttest, the 

majority of both groups continued with the trend for two-dimensional symmetry, making sure 

that each number was picked at least once for parts (b) and/or (c). 

On the first question, student responses fell into four categories: equal distribution, close 

to equal distribution, nonsymmetrical distribution, or a refusal to generate a possible result. 

Interviews revealed that some students thought that every counter should be picked once before 

any were repeated. Others were trying to give the two-dimensional layout a random look (no 

pattern or order). Still others were hesitant to generate a layout of marks because, to them, a 

random situation could generate any result and offering a sample would not be representative of 

the situation having the quality of randomness. 

On the second question, students tended to dislike the equally distributed results, along 

with any results that had an identifiable pattern or order about the layout of marks. Emy and Fin 

were most commonly identified as not accurately representing results from a random process. 

Ben was occasionally recognized to have the same local frequency as Emy, but was surprisingly 

not picked very often as having “cheated.” Written responses indicated that students held fast to 

the misconceptions of lack of pattern and lack of order, thinking that they should not be able to 

detect any structure in the results of a random situation. Most interestingly, there were students 

(7% in the treatment group and 11% in the control group), on the posttest, who equally 

distributed their marks on the generation question, while indicating that the equally distributed 
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results of the recognition question could not be a result of a random situation; curiously, 

contradicting themselves within the same assessment item. Konold et al. (1993) explained, “One 

way to produce conceptual change is to create situations for which the answers based on a 

particular incorrect intuition produce cognitive conflict” (p. 412). However, they went on to 

clarify, 

What may appear to the instructor to be a contradiction may nevertheless induce little or 

no conflict in the student. This does not mean, as is sometimes assumed, that the student 

has a basic deficiency in logical reasoning. Instead, the lack of conflict may occur 

because from the student’s perspective, there is no contradiction to be perceived. (p. 412-

413) 

These dichotomous responses for Item G seemed to indicate that many students simply 

did not perceive a cognitive conflict when they contradicted themselves within the same 

problem.  

Limitations 

The personal background information gathered from the participants indicated a majority 

with fairly weak probability backgrounds. Although over half indicated having some probability 

in a previous course, over 80% indicated that they had not had a course that included formal 

probability, within the last two years. Therefore, generalizations made from this study should be 

limited to students with comparable mathematical backgrounds. 

Delimitations 

1. The study used only data from two sections of a mathematics content course for 

preservice teachers. 

2. The study used only data from the Spring 2012 semester. 
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3. The study used only data from students who completed the pretest, all of the 

treatment instruction, and the posttest, for the treatment group. 

4. The study used only data from students who completed the pretest, traditional 

instruction, and the posttest for the control group. 

5. The study used only data from students whose birthdates fell after 1982 and would 

qualify as millennials as defined by Howe and Strauss (2000). 

Conclusions 

Overall, the results of this study seemed to mirror the findings that Konold (1995) 

summarized in an attempt to help educators assess students’ probabilistic understanding: 

They are that (1) students come into our courses with some strongly held, yet basically 

incorrect, intuitions, (2) these intuitions prove extremely difficult to alter, and (3) altering 

them is complicated by the fact that a student can hold multiple and often contradictory 

beliefs about a particular situation. (p. 2) 

This study hypothesized that students who experienced probability instruction that 

explicitly addressed misconceptions of randomness would perform significantly better on a 

postinstructional assessment, which evaluated students’ conceptions of randomness, than 

students who experienced the traditional probability instruction. This study provided evidence of 

the cognitive growth resulting from the experimental instruction. Though the effect sizes were 

mostly low to moderate, Glass et al. (1981) argued that in a field like education, even effect sizes 

as slight as 0.1 may be considered a significant improvement, “particularly if the improvement 

applied uniformly to all students, and even more so if the effect were cumulative over time” 

(Coe, 2002). 
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This study has contributed to stochastics education by expanding the knowledge base of 

the probabilistic misconceptions of preservice teachers. Few studies supporting cognitive growth 

as a result of conceptually based instruction exist regarding elementary and middle-level 

preservice teachers (Stohl, 2005). However, it is believed that instruction formulated around 

preservice teachers’ probabilistic conceptions (specifically, proactively addressing 

misconceptions) can improve preservice teacher proficiency in probability and data analysis, 

thereby benefitting future elementary and middle school students. 

Implications For Future Research 

The significant results on the treatment posttest scores (in terms of full mastery) were 

accompanied by a low to medium measure of practical significance of the treatment instruction 

affecting posttest scores. In other words, though the students who received the explicit 

instruction in randomness misconceptions exhibited significantly fewer misconceptions 

postinstruction than the students who received traditional activity-based instruction, there still 

may be some question as to whether the difference between the groups was large enough to have 

practical instructional implications. As stated earlier, the treatment instruction seemed to 

confound students’ ideas about unpredictability in random phenomena. The significant 

proportion increase of treatment students who displayed this misconception after the instruction 

is, no doubt, reflected in their posttest scores, possibly contributing to the unimpressive measure 

of practical significance. It is recommended that future attempts to explicitly address 

misconceptions of randomness consider how students think about unpredictability: How can they 

be instructed to separate local versus global unpredictability? Is there a better way to present 

these two ideas without confusing them with probability? Does it have something to do with how 
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students interpret the difference between the possibility of something occurring versus the 

probability of something occurring? 

As indicated earlier, this study was limited to two sections of a mathematics content 

course for preservice teachers. A larger study could be undertaken that would involve a larger 

sample size for each group, allowing for more powerful data analysis, and possibly more 

significant results. The assessments could be altered to include more questions, a variety of 

contexts, or both. This study could also be extended to students other than preservice teachers or 

be expanded to study retention of correct conceptions of randomness or possibly a cumulative 

effect of the experimental instruction as students gain more experience in probability concepts.  
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APPENDIX A: The pretest and posttest 

Pretest 

1. What does mathematically random mean to you? 

 

 

2.  Paul plays a game using nine counters numbered 1, 2, 3, 4…9. Paul puts the counters 

in a tin. He shakes the tin a lot. Rachel shuts her eyes and picks out a counter. It is 

number seven. Paul marks an “x” in box seven. The seven is put back in the tin, the 

tin is shaken thoroughly, and someone else picks a counter. 

1 2 3 

4 5 6 

7 8 9 
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a. Suppose you are playing the counters game. Mark the gird according to what you 

think would be the results after four picks from the counter tin. 

1 2 3 

4 5 6 

7 8 9 

 

b. Hypothetically play the game again. Mark what you think would be the results 

after nine picks from the counter tin. 

1 2 3 

4 5 6 

7 8 9 
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c. Play once more. Mark what you think would be the results after 16 picks from the 

counter tin. 

1 2 3 

4 5 6 

7 8 9 

 

3. Some children are told to play the counter game by themselves using nine real 

counters. Did some cheat and make it up? Did they all cheat? Please explain the 

reasoning behind your decision for each child: 
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4. If you flip a fair coin and get heads 5 times in a row, what is the chance of getting 

tails on the next flip? 

a. Greater than 50% 

b. 50% 

c. Less than 50% 

Please explain your answer. 

5. A bag has 9 pieces of fruit: 3 apples, 3 pears, and 3 oranges. Four pieces of fruit are 

picked one at a time. Each time a piece of fruit is picked, the type of fruit is recorded, 

and it is then put back in the bag and the contents are well mixed. If the first three 

pieces of fruit are apples, what type of fruit is the fourth pick most likely to be? 

a. A pear 

b. An apple 

c. An orange 

d. An orange or a pear are both equally likely and more likely than an apple 

e. An apple, orange, or pear are all equally likely 

Which of the following best describes the reason for your answer to the preceding 

question? 

a. I picked this answer because any of the fruit can be picked. 

b. The apples seem to be lucky. 

c. Each fruit has exactly the same chances of being picked. 

d. The fourth piece of fruit will not be an apple because too many have already been 

picked. 
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6. If a fair coin is tossed five times, which of the following ordered sequence of heads 

(H) and tails (T), if any, is MOST LIKELY to occur? 

a. H T H T T 

b. T H H H H 

c. H T H T H 

d. Sequences (a) and (c) are equally likely 

e. All of the above sequences are equally likely 

Which of the following best describes the reason for your answer to the preceding 

question? 

a. Every sequence of five tosses has exactly the same probability of occurring. 

b. Since tossing a coin is random, you should not get a long string of head or tails. 

c. Since tossing a coin is random, the coin should not alternate between heads and 

tails. 

d. There ought to be roughly the same number of tails as heads. 

7. Which of the following sequences is most likely to result from flipping a fair coin 

five times in a row? 

a. H H H T T 

b. T H H T H 

c. T H T T T 

d. H T H T H 

e. All four sequences are equally likely 
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Select one or more explanations for the answer you gave in the item above. 

a. Since the coin is fair, you ought to get roughly equal numbers of heads and tails. 

b. Since the coin flipping is random, the coin ought to alternate frequently between 

landing heads and tails. 

c. Any of the sequences could occur. 

d. If you repeatedly flipped a coin five times, each of these sequences would occur 

about as often as any other sequence. 

e. If you get a couple of heads in a row, the probability of a tails on the next flip 

increases. 

f. Every sequence of five flips has exactly the same probability of occurring. 

8. Which of the sequences is least likely to results from flipping a fair coin five times? 

a. H H H T T 

b. T H H T H 

c. T H T T T 

d. H T H T H 

e. All four sequences are equally likely 

Please explain your answer: 

 

  



103 

Posttest 

1. What does mathematically random mean to you? 

 

 

2. A box contains six balls: two are red, two are white, and two are blue. Four balls are 

picked at random, one at a time. Each time a ball is picked, the color is recorded, and 

the ball is put back in the box. If the first three balls are red, what color is the fourth 

a. Red 

b. White 

c. Blue 

d. Blue and white are equally likely and more likely than red 

e. Red, blue, and white are all equally likely 

Which of the following best describes the reason for your answer in the preceding question? 

a. The fourth ball should not be red because too many red ones have already been 

picked. 

b. The picks are independent, so every color has an equally likely chance of being 

picked. 

c. Red seems to be lucky. 

d. This color is just as likely as any other color. 
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3. If a fair die is rolled five times, which of the following ordered sequence of results, if 

any, is most likely to occur? 

a. 3 5 1 6 2 

b. 4 2 6 1 5 

c. 5 2 2 2 2 

d. Sequences (a) and (b) are equally likely. 

e. All of the above sequences are equally likely. 

Which of the following best describes the reason for your answer to the preceding 

question? 

a. Since rolling a die is random, numbers should not repeat until most of the 

numbers appear. 

b. Every sequence of five rolls has exactly the same probability of occurring. 

c. There ought to be a random mixture of numbers. 

d. Any of the sequences could occur. 

4. If you flip a fair coin and get heads five times in a row, what is the chance of getting 

tails on the next flip? 

a. Greater than 50% 

b. 50% 

c. Less than 50% 

Please explain you answer. 
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5. Which of the following sequences is most likely to result from flipping a fair coin 

five times in a row? 

a. H H H T T 

b. T H H T H 

c. T H T T T 

d. H T H T H 

e. All four sequences are equally likely 

Select one or more explanations for the answer you gave in the item above. 

a. Since the coin if fair, you ought to get roughly equal number of heads and tails. 

b. Since coin flipping is random, the coin ought to alternate frequently between 

landing heads and tails. 

c. Any of the sequences could occur. 

d. If you repeatedly flipped a coin five times, each of these sequences would occur 

about as often as any other sequence. 

e. If you get a couple of heads in a row, the probability of a tails on the next flip 

increases. 

f. Every sequence of five flips has exactly the same probability of occurring. 
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6. Which of the sequences is least likely to result from flipping a fair coin five times? 

a. H H H T T 

b. T H H T H 

c. T H T T T 

d. H T H T H 

e. All four sequences are equally likely 

f. Please explain you answer 

7. Paul plays a game using 16 counters numbered 1, 2, 3, 4…16. Paul puts the counters 

in a tin. He shakes the tin a lot. Rachel shuts her eyes and picks out a counter. It is 

number seven. Paul marks an “x” in box seven. The seven is put back in the tin, the 

tin is shaken thoroughly, and someone else picks a counter. 

a. Suppose you are playing the counters game. Mark the grid according to what you 

think would be the results after five picks from the counter tin. 

1 2 3 4 

5 6 7 8 

9 10 11 12 

13 14 15 16 
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b. Hypothetically play the game again. Mark what you think would be the results 

after 16 picks from the counter tin. 

1 2 3 4 

5 6 7 8 

9 10 11 12 

13 14 15 16 

 

c. Play once more. Mark what you think would be the results after 30 picks from the 

counter tin. 

1 2 3 4 

5 6 7 8 

9 10 11 12 

13 14 15 16 
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8. Some children are told to play the counter game by themselves using 16 real 

counters. Did some cheat and make it up? Did they all cheat? Please explain the 

reasoning behind your decision for each child: 
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APPENDIX B: Treatment instructional Tasks 

Part 1 – WHAT DO YOU THINK? 
 
Directions: Imagine that you flip a fair coin, 20 times. Generate a sequence of results, Heads 

(H) and Tails (T), in such a way that other people would think the coin was 

flipped at random. Write your invented results in the table below. 

 
Simulated Results 

 
                    

 
 
 

 
Part 2 – TRY IT! 

 
Directions: Now actually flip a real coin, 20 times. Record the results, Heads (H) and Tails 

(T), in the table below. 

 
Real Results 

 
                    

 
 
 

 
Part 3 – LET’S COMPARE! 
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TASK #1 
Part 1 – WHAT DO YOU THINK? 

 
For a popular sport, the game often begins by flipping a coin to see which team gets first 

use of the ball. During a recent sports season, a team captain had lost 8 out of 9 tosses in his 

team’s previous 9 games. Suppose for the next four coin tosses, the coin lands tails up 4 times in 

a row. Assuming that the captain wants to win the 5th toss, should he/she choose: 

a. Heads 

b. Tails 

c. Doesn’t Matter 

Please explain your answer: 

 
 

Part 2 – DISCUSSION 
 



111 

TASK #2 

Part 1 – WHAT DO YOU THINK? 

In your opinion, which of the following sequence(s) seem random? 

a. HHTTHT 

b. HTHHTH 

c. HTHTHT 

d. HHHHHH 

e. HTTTTH 

Do any seem more/less random than others? Please explain your reasoning. 

 
 
 

Part 2 – DISCUSSION 
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TASK #3 

Part 1 – WHAT DO YOU THINK? 

 
If a coin is flipped 10 times, and the results are recorded (Heads or Tails), which outcome 

below is MORE LIKELY to occur?. 

a. H T T H T H H T T T 

b. H T H T H T H T H T 

c. NEITHER 

Please explain your choice: 

 
 
 

Part 2 – DISCUSSION 
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TASK #4 

Part 1 – WHAT DO YOU THINK? 

 
A bowl has 100 wrapped hard candies in it. 20 are yellow, 50 are red, and 30 are blue. 

They are well mixed up in the bowl. Jenny pulls out a handful of 10 candies, counts the number 

of reds, and tells her teacher. The teacher writes the number of red candies on a list. Then, Jenny 

puts the candies back into the bowl, and mixes them all up again. Nineteen of Jenny's classmates 

do the same thing. They each pick ten candies, count the reds, and the teacher writes down the 

number of reds. Then they put the candies back and mix them up again each time. What do you 

think the teacher's list for the number of reds is most likely to be (please select one): 

a.  10, 9, 6, 10, 10, 9, 7, 10, 8, 7, 6, 10, 6, 7, 10, 10, 9 

b. 7, 5, 2, 5, 5, 7, 6, 3, 2, 3, 5, 7, 5, 4, 5, 7, 5, 5, 3, 5 

c. 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5, 5 

d. 2, 4, 3, 4, 3, 1, 0, 4, 0, 1, 3, 2, 4, 0, 1, 1, 2, 1, 4, 2 

e. 8, 7, 10, 2, 6, 10 ,7 ,9 ,3 ,2 ,9 , 9, 5, 9, 1, 0, 1, 10, 5, 7, 8 

Please explain your reason: 
 
 
 
 

Part 2 – DISCUSSION 
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TASK #5 

Part 1 – WHAT DO YOU THINK? 

 
If a fair coin is tossed eight times, which of the following ordered sequences of heads (H) 

and tails (T), if any, is most likely to occur? 

a. T T H H H H T T  

b. H H H H H H H H  

c. H T H T H T H T  

d. H H T H T H H H  

e. All sequences are equally likely.  

Which of the following best describes the reason for your answer in the preceding question? 

a. Every sequence of eight tosses has exactly the same probability of occurring.  

b. Since tossing a coin is random, the coin should not alternate between heads and 

tails. 

c. There ought to be roughly the same number of tails as heads.  

d. Since tossing a coin is random, you should not get a long string of head or tails.  

 
Part 2 – DISCUSSION 
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TASK #6 

Part 1 – WHAT DO YOU THINK? 

 
If a fair die is rolled eight times, which of the following ordered sequences of results, if 

any, is least likely to occur? 

a. 2 3 4 5 6 1 2 3  

b. 6 4 3 2 4 1 5 6  

c. 5 6 2 6 3 5 4 2  

d. 2 1 4 3 1 5 4 6  

e. All sequences are equally likely.  

Which of the following best describes the reason for your answer to the preceding question? 

a.  You are much more likely to get a mixture of different numbers than an ordered 

sequence.  

b.  Since rolling a die is a random event, a result like that is very unlikely.  

c.  All sequences of rolls have exactly the same probability of occurring. 

d.  You are much more likely to get a mixture of different numbers than numbers that 

repeat. 

 
Part 2 – DISCUSSION 
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APPENDIX C: Class summary graph 
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APPENDIX D: Intrumentation surveys for rating content validity 

The following was used to record the panel members’ ratings of each assessment item: 

Assessment, Item A 

 AGREE DISAGREE 

RATER 1   

RATER 2   

RATER 3   

 

Assessment, Item C 

 AGREE DISAGREE 

RATER 1   

RATER 2   

RATER 3   

 

Assessment, Item E 

 AGREE DISAGREE 

RATER 1   

RATER 2   

RATER 3   

 

Assessment, Item B 

 AGREE DISAGREE 

RATER 1   

RATER 2   

RATER 3   

 

Assessment, Item D 

 AGREE DISAGREE 

RATER 1   

RATER 2   

RATER 3   

 

Assessment, Item F 

 AGREE DISAGREE 

RATER 1   

RATER 2   

RATER 3   
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APPENDIX: E SEMISTRUCTURED INTERVIEW GUIDE 

Item A: 

• Would you please clarify what you meant when said… 

• What did you mean by the words … 

Item B: 

• Would you clarify what you meant by your written response to this item? 

• What did you mean by the words… in your written response? 

Item C: 

• Why did you pick selection…in the second question to this item? 

Item D: 

• Why did you pick selection…in the second question to this item? 

Item E: 

• Why did you pick selection…in the second question to this item? 

• You picked a different selection on the second part of this item than you did on the 

second part of Item C. Please comment on why you chose to answer those differently. 

Item F: 

• Would you clarify what you meant by your written response to this item? 

• What did you mean by the words… in your written response? 
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APPENDIX F: Content Analysis CODING 

Any evidence of misconceptions of randomness was examined by using a checklist to 

code Items A, B, and F (open-ended items asking for written explanations). 

Table 10 

Manifest Content Coding for Randomness Misconceptions 

Misconception Manifest Content 

Variety Variety, different, various, not biased on specific numbers 

Unpredictability Surprise, unplanned, spontaneous, unknown 

Symmetrical 
Outcomes 

[No students were coded into this category for Items A, B, or F] 

Lack of Patterns No pattern 

Lack of Control Without thinking, chosen without knowing, no control, no choice, no 
meaning, without reasoning, unbiased picking, no reason, no purpose, no 
intention, no previous knowledge, without notice 
 

Lack of Order No order in picking, structure, without using a formula, not calculated, not 
specific order 
 

Not Able to 
Classify 

Out of the ordinary, abnormal, different types of problem solving, pick 
things at random, random set, random answer 
 

None Evident Has equal chance at being picked, same chance, equal opportunity 
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APPENDIX G: RUBRICS FOR SCORING THE ASSESSMENT ITEMS 

The assessment items were scored using the following rubrics.  

Table 11 

Rubric for Scoring Item A 

Score Performance Indicator 

3 No manifest or latent evidence of any of the six misconceptions and evidence of 
both an understanding of equal opportunity of choice with local unpredictability 

2 No manifest or latent evidence of any of the six misconceptions and evidence of 
an understanding of either equal opportunity of choice or local unpredictability 

1 No manifest evidence of any of the six misconceptions, but manifest or latent 
evidence of a narrow/limited view of randomness 

0 Manifest or latent evidence of any of the six misconceptions 

Note. For this assessment item, student explanations were analyzed for evidence of any of the six 
misconceptions of randomness (variety, unpredictability, symmetrical outcomes, lack of patterns, 
lack of control, and lack of order). 
 
 
 
Table 12 

Rubric for scoring Item B 

Score Performance Indicator 

3 b. 50% with an explanation that shows no evidence of any of the six misconceptions 

2 b. 50% with no explanation 

1 b. 50% with an explanation that is not consistent with choosing (b) as the answer or 
shows evidence of any of the six misconceptions 

0 a. Greater than 50% or c. Less than 50% 

Note. For this assessment item, student explanations were analyzed for evidence of any of the six 
misconceptions of randomness (variety, unpredictability, symmetrical outcomes, lack of patterns, 
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lack of control, and lack of order). Two of the above options were distractors representing 
variety and lack of control. 

 

Table 13 

Rubric for scoring Item C 

Score Performance Indicator 

3 Pretest: e and c; Posttest: e and b 

2 This score was not made available for this item 

1 Pretest: e and a; Posttest: e and d 

0 Pretest: a, b, c, or d and a, b, or d OR evidence of misconceptions 
Posttest: a, b, c, or d and a, c, or d OR evidence of misconceptions 

Note. For this assessment item, students were not asked for a written explanation, but were 
forced to choose from four options in a following question to explain their reasoning. Three of 
the options were distractors, each representing a specific misconception of randomness (variety, 
unpredictability, and lack of control).  

 

 

Table 14 

Rubric for scoring Item D 

Score Performance Indicator 

3 Pretest: e and a; Posttest: e and b 

2 This score was not made available for these items 

1 This score was not made available for these items  

0 Pretest: a, b, c or d and b, c or d OR evidence of misconceptions 
Posttest: a, b, c or d and a, c or d OR evidence of misconceptions 

Note. For this assessment item, students were not asked for a written explanation, but were 
forced to choose from four options in a following question to explain their reasoning. Three of 
the options were distractors, each representing a specific misconception of randomness. For the 
pretest the misconceptions were variety, lack of patterns, and symmetrical outcomes, and for the 
posttest, the misconceptions were variety, lack of patterns, and unpredictability. 
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Table 15 

Rubric for scoring Item E 

Score Performance Indicator 

3 First item: e; Second item: f 

2 This score was not made available for these items 

1 First item: e; Second item: c  

0 First item: a, b, c or d; Second item: a, b, c, d or e 

Note. For this assessment item, students were not asked for a written explanation, but were 
forced to choose from six reasoning options where five of the options each represented a specific 
misconception of randomness. These are variety, unpredictability, and symmetrical outcomes 
(locally and globally).  

 

 

Table 16 

Rubric for scoring Item F 

Score Performance Indicator 

3 e. with an explanation that shows no evidence of any of the six misconceptions 

2 e. with no explanation 

1 e. with an explanation that is not consistent with choosing (e) as the answer or shows 
evidence of any of the six misconceptions 

0 a. through d. 

Note. For this assessment item, student explanations were analyzed for evidence of any of the six 
misconceptions of randomness (variety, unpredictability, symmetrical outcomes, lack of patterns, 
lack of control, and lack of order). Three of the options were distractors representing variety, 
lack of patterns, and lack of order. 
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APPENDIX H: Group frequencies and descriptive statistics per item 

Table 17 

Group Frequencies of Scores and Descriptive Statistics on Pretest Items 

Group (Item) 3 2 1 0 M(SD) 95% CI 

Control (A) 2 0 3 25 0.86 (1.23) [0.42,1.30] 

Treatment (A) 4 0 0 33 0.32 (0.94) [0.02,0.62] 

Control (B) 22 3 1 4 2.43 (1.07) [2.05,2.81] 

Treatment (B) 31 1 2 3 2.62 (0.92) [2.32,2.92] 

Control (C) 19 0 3 8 2.00 (1.36) [1.51,2.49] 

Treatment (C) 24 0 4 9 2.05 (1.33) [1.61,2.49] 

Control (D) 21 0 0 9 2.10 (1.40) [1.60,2.60] 

Treatment (D) 28 0 0 9 2.27 (1.30) [1.85,2.69] 

Control (E) 12 0 15 3 1.70 (1.12) [1.30,2.10] 

Treatment (E) 15 0 13 9 1.57 (1.26) [1.16,1.98] 

Control (F) 22 1 3 4 2.37 (1.13) [1.97,2.77] 

Treatment (F) 10 2 14 11 1.30 (1.18) [0.92,1.68] 
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Table 18 

Group Frequencies of Scores and Descriptive Statistics on Posttest Items 

Group (Item) 3 2 1 0 M(SD) 95% CI 

Control (A) 1 1 3 25 0.27 (0.69) [0.02,0.52] 

Treatment (A) 7 4 3 23 0.86 (1.23) [0.46,1.26] 

Control (B) 25 4 0 1 2.77 (0.63) [2.54,3.00] 

Treatment (B) 34 1 0 2 2.81 (0.70) [2.58,3.04] 

Control (C) 30 0 0 0 3.00 (0) [3.00,3.00] 

Treatment (C) 29 0 5 3 2.49 (1.02) [2.16,2.82] 

Control (D) 11 0 16 3 1.63 (1.10) [1.24,2.02] 

Treatment (D) 16 0 16 5 1.73 (1.17) [1.35,2.11] 

Control (E) 7 0 18 5 1.30 (1.02) [0.94,1.66] 

Treatment (E) 21 0 12 4 2.03 (1.17) [1.65,2.41] 

Control (F) 23 1 3 3 2.47 (1.04) [2.10,2.84] 

Treatment (F) 25 0 6 6 2.19 (1.22) [1.80,2.58] 

 

 

 


