A FOffi1IER SERIES
~

SYNTBESIZI~i

A Master's Thesis
Presented to
the Faculty of the School of Graduate Studies
Indiana State College
Terre Haute, Indiana

In Partial Fulfillment
of the Requirements for the
Master of Arts Degree

by

.
<

David Herbert Alman
May, 1964

"THESIS APPROVAL

"

1"

SHI~ET

I

The thesis of David H. Alman, contribution of the
School of Graduate Studies, Indiana state College, Series I,
Humber 81.1-7, under the title, "A Fourier Series Synthesizer, II
is approved as counting toward the

co~pletion

of the M8ster

of Ar t s Degree in the amount of six semester hours of
graduate credit.

APPROVAL OF TI-IESIS COl1MITTSE:

_~~rz:3&~
('(~ignature

of Cornmf,ttee l'Iember)

)~ \S\~
_
(;Signature of CommitteChairmanJ

APPROVAL FOR SCHOOL OF GRADUATE STUDIES:

UhVJ ~

CQ.Ac

(Dean ofaduate Studies)

TABLE OF CONTENTS
CHAPTER

I.

PAGE

....·.
·..... ·.
• • . . . • • • • •

1

• • • • • • • ••

2

Methods of Synthesizing • • • • • • • • • • •

3

·.

5

• • • • • • • • • • • • • • • •

5
5

INTRODUCTION • • • • • • •

• • • •

•

statement of the Problem
Importance of the Study •
Other Uses of Synthesizers

II.

BACKGROUND INFORP1ATION ON FOURIER SERIES • •
Introduction
Fourier Series

III.
IV.

•

• • • • • • • • • • • • • •

Terminology • • • • • • • • • • • • • • • • •
REVIEl1 OF PAST SYNTHESIZERS • • • • • • • • • •
CAPACITOR SYNTHESIZING • • • • • • • • • • • • •
Rotating Capacitor Method • • • • • •
Rotating Dielectric Method

V.

8
9

16
16

• • • • • • • • •

23

•

• • • • • • •

24

Phase Control • • • • • • • • • • • • • • • •
Problems Involved With the Capacitor Methods.

25
25

OTHER PROPOSED

• • • • • • • • • • • • •
Computer Nemory Drum Method • • • • • • • • •
Gear and Pulley Methods •
• • • • • • • •
Electronic Methods • • • • • • • • • • • • •
}~THODS

·.

VI.

2

• • •

Rotating Capacitor Drum Method
.i

1

PHOTOELECTRIC HETHOD • • • • • • • • • • • • • •
Introduction • • • • •

...... . ... .

27
27

28
28
32
32

iv
Experimental-Model • • • • • • • • •

• • • •

35

Final Model

• •

38

• • • • • • • • • • •

Light Sources
Sine Curves

•

•

• •

• • • • • • •

Plexiglass Tube

• • • • • •

• • • • • • • • •

Photoelectric Tubes

• • • • • • •
• • •

Alternate Hethod • • • • • •

• •

• • • • • • • • •

SUJY!}.IARY • • • • •

BIBLIOGRAPHY

•

• •

•

•

38

40
41

•

Problems • • • • • • • • • • •
Surmnary
VII.

• • • • • • • • • • • •

• • •

41

• •

44

•

44

• •

45
46

•

It-8

•
•

• • • • •
• • • • • • • • • • • •

•

· LIST OF FIGURES
PAGE

FIGURE

!

',1

1.

Elementary Mechanical Tide Predictor • • • • • •

10

2.

Rotating Capacitor • • • • • • • • • • • • • ••

18

3.

Equal Areas Under Sine Curve • • • • • • • • • •

19

4.

Base Plate Design

• • • • • • • • • • • ••

21

5.

Pictorial View • • • • • • • • • • • • • • • ••

34

6.

Schematic

36

7.

Rotating Cylinder

• • • • • • • • • • • • • • • • • ••
•••••••••••••••

42

2

synthesizer which gives an electrical output and displays
the resultant waveform on an oscilloscope.
Importance of the Study
A Fourier series synthesizer would be useful in the
classroom when studying Fourier series in the college
calculus or advanced physics classes.

Such a synthesizer

would aid scientific research in such diversified areas
as vibration analysis and correction; electronic circuit
design; the elimination of undesirable resonances in the
audio spectrum from the operation of machinery, vehicles,
and sound generators; and the instantaneous display of a
resultant action as the aggregate of several periodic
circumstances, such as the tidal rise and fall at anyone
port where gravitational forces of the sun and moon are
periodic functions.
In order for a synthesizer to satisfy the classroom
requirements, it must be easy to operate, easy to see,
~ccurate,

have at least the first ten harmonics, and be

inexpensive.

Once a synthesizer has been constructed

fulfilling the above requirements, it is only a matter of
improving the precision and adding more harmonics to adapt
the unit for industrial research.
Other Uses of Synthesizers
Synthesis in two dimensions, e.
functions of the form

g.,

to construct

3

Lnm
L

Dmn co s 21l' (mx+nz)

is important in the Patterson-Harker method of x-ray
crystal structure determinations.
The Patterson-Harker method is a technique of x-ray
analysis of crystal structure which is based upon the fact
that the square of the absolute value of the structure
factor, F(hkl) , is a measure of the reflecting power of the
corresponding atom, and can be transformed to give a
vectorial representation of the interatomic distances in
the crystal.
Methods for performing such synthesis are discussed
by Lipson and Cochran. l
Methods of Synthesizing
The methods of synthesizing in this report are:

A.

Rotating capacitor

B.

Rotating dielectric in a capacitor

C.

Rotating capacitor drum

D.

Electronic oscillators and mixers

E.

Photoelectric pickup

It should be kept in mind that the main object is
to obtain satisfactory electrical output signals; and in

lLipson and Cochran, The Determination of Crystal
structures (London: G. Bell and Sons, 1953).

4
addition to using a minimum number of parts and being
easily constructed, the unit should be accurate, easy to
operate, and fairly inexpensive.

CH..i'.I.PTEH II
BACKGHOUND

nJFU~\lL~ii'ION

ON FOUL-HER :3I:::RH;S

Introduction
Jean Baptiste Joseph Fourier (1768-1830) in trying
to solve a few of the mysteries of heat flovl, found that
the tate of heat flow at a given point in a body is proportional to the area of the cross-section and the temperature
gradient, both at the given point.

This ratio, not being

the same for all sections, may be stated as a function of
distance, or it is a function F(x) of the distance x.
Fourier Series
In deriving t he expression for this 1all/ of the movement of heat in the interior of a solid, Fourier found that
F(x) may be represented as an infinite series of trigonometric
terms.

That is, any periodic wave--a repetitive wave of

any form whatever--is the swrunation of an infinite nurnber
of sinusoidal wavef'or-ms of integral multiple fre quencie s ,
Thus, any periodic function, F(x), may be represented by
the Fourier series 2 as

2Fourier series are common in all branches of
scientific and mathematical knowledge. For a derivation of
equations 1, 2, 3, and 4, see for example: Hugh Hildbeth
Skelling, Electrical Engineering Circuits (New York: John
Hiley and Sons, 1957), pp. li03-70.
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+
b
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wher-e "2a
o is a consta.nt or "direct current" (d. c. ) term,

,

an and b

are the Fourier coefficients, cos(nx) is the cosine
n
of the angle nx, sin(nx) is the sine of the angle nx, n
is a positive integer, and x is the fundamental angle.
The Fourier coefficients are found by the equations

an

=

bn

=

~:)

~~)

(2 )

cos (nx) dx

s1n(nx) dx

The "d. c." or constant term is computed by

(4-)

One possible way to reduce the number of physical
components, yet still retain the number of harmonics, is
to employ the relationship
Cn sin(nw~Qn)

= An

sin(nwt) cos(Qn)

+ Bn cos(nwt) sin(Qn),

where wt is an angle varying with time t,

Q

(5)

is the phase

angle, and Cn , An' and Bn are the amplitudes of the waveforms. Since Q is a constant, then cos(Q) and sin(Q) are

7
constants; that is, equation (5) may be written as
Cn sin(nwt+e n)

= an

cos(nwt) + bn sf.n Cnwt ) ,

an

= An

cos(Qn)

(6)

"there

bn = Bn sin (en)
(7)
Combining Eq. (1) and (7) with the various values for n ,
and

a new relationship is obtained with the same number of
harmonics, but ""'lith only half of the trigonometric terms
in Eq. (1).

That is,

= tao

+ Al sin(\·rt+el} + A2 sin(2vJt+Q2) + ... (8)
Therefore, merely by moving the pickup device

F(wt)

(phototube, etc. of the synthesizer, to be explained later)
through one wavelength of the sine wave, the phase angle
may be varied through 360

0

thus giving the required

sinusoidal component.
The mechanical levers, gear trains, etc., required
to manipulate the pickup device through the phase angle
may, however, prove to be more expensive and inaccurate
than having two pickup devices spaced
apart.

t of the wavelength

Using the two-pickup method, the pickup units,

when adjusted, may be locked into place and the gain of
each unit controlled by a potentiometer, thus satisfying
the an and bnamplitude factors of Eq. (1).
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Terminology
FUNDM1ENTAL.

The fundamental frequency component

in the harmonic analysis of a wave.
H~IONIC.

In physical terms, a harmonic is a

sinusoidal quantity having a frequency which is an integral
multiple of the fundamental frequency of a periodic
quantity to which it is related.

,·

CHAPTER III
HEVIE'I OF PAST SYNTHESIZEHS
Several mechanical synthesizers designed for a
particular purpose, which give a graphical but not an
electrical output, have been constructed.
An analog computer constructed for the purpose of
providing Fourier analysis of transients encolmtered in
seismic research was constructed by the Nagnolia Petroleum
Company. 3

In essence, the computer is a mechanical device

that analyzes the compressional "laves normally employed by
the reflection seismograph, by synthesizing the resultant
waveform.

The integral

S

F(t) sin(wt) dt

is evaluated by

analog computer element S wh.Lch perform the generation of
the function F(t) and s tn iwt ) , multiply the two functions,
and integrate the product.

The seismic transient, F(t)

is generated from a variable area recording on film by a
photocell and amplifier system, simultaneously "lith the
generation of the sine function, sin(wt), by a mechanical
system known as a

•

II

scotch yokellL~ as shown in Fig. 1.

2Magnolia Petroleum Company (A Socony-Vacuum
Company), Fourier Analyzer, Field Research Laboratories,
Report Number 51.10 FER, Dallas,Texas, July 13, 1951.

. 4A scotch yoke is a device for changing rotatory

mechanical motion into linear mechanical motion.
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FIGURE 1
ELE~illNTARY

MECHANICAL TIDE PREDICTOR
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Multiplication of these two functions is performed by the
potentiometer method; that is, the signal is fed to a
potentiometer, as the wiper is moved in a sinusoidal motion,
and integration is accomplished by servo integrators.
Historically, Lord Kelvin 5 (1824-1907) had continued
research along lines already established by the famous
Laplace, for systematic harmonic methods of analysis and
prediction of tidal curves, as the summation of the tidal
constituents corresponding to such periodic functions as the
revolution of the moon, earth, and sun.
Lord Kelvin systematized this method, which can be
solved by mechanical devices.

The effect is that the

constituents of the equilibrium tide are replaced by
corresponding tidal constituents with the same period and
with phase-lags and amplitudes deduced by Observation.
Lord Kelvin, in 1872, built his first tide predictor,
which is preserved in the Science Museum in Kensington,
~ngland.

In his first model, eight trigonometric components

are generated by eight pulleys carried on axes at the ends
of eight cranks of adjustable lengths.
summed.

These components are

The algebraic sum of the elevation of the ends of

the cranks above the horizontal plane containing their

.".

5George Robert Stibitz, "Mathematical Instruments,"
Britannica (17th ed.), XV, 69 •

~ncyclopaedia

12

centers, at any instant, will represent the value of sea
level above mean sea level at any instant of time.

Refer

to Fig. 1, page 10.
Horizontal slotted link devices can be employed
to communicate the vertical movement generated by each
crank to a series of pulleys.

It is simple to arrange a

summation wire passing around the pulleys etc., secured at
one end, but with the movable end arranged to actuate
a pen in contact w.Lt h a continuous recording device.

This

will plot the algebraic sum of all their vertical components
against time as shown in Fig. 1, page 10.
Refinements, and the addition of two more harmonics
to the original Kelvin model, make it possible so that
when the two components are added, the curve representing
a year I s tide for any port can be dr-awn in about four hours.
A forty-two component Kelvin machine was constructed
in 1950 for the Liverpool Tidal Institute.
A slightly different synthesizer was designed and
built by Albert A. Michelson and Samuel

1898.

1).

Stratton6 in

It differs in principle from the Kelvin machine,

in that components are added by the summation of forces
due to a set of springs, instead of the swmnation of the
displacements of pulleys.

·

I

The resultant motion is conveyed
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to a pen which draws

a graph

on a paper carried by a

travelling plate.
In addition to these remarkable devices by which the
tides at the major ports and naval bases of the world are
predicted, the Netherlands Hydraulic Laboratory at Delft
has developed a device using alternating electric currents
of differing frequencies and amplitudes instead of mechanical
methods to give the harmonic synthesis for feeding into
tidal models.

They did not, however, obtain very accurate

results with the electronic method, due to the instability
of the electronic components.
Many commercial devices exist (mostly electronic)
for the generation of variable frequency and/or phase
sinusoidal waves, but with only one such waveform at a time.
For instance, the Hewlett Packard Company manufactures
a frequency synthesizer which provides frequencies from
50 hertz to 50M hertz in steps of 0.01 hertz, by merely
pushing the appropriate buttons on the control panel.
Several of these units could be coupled so that the resultant output would have several simultaneous sinusoidal output
waveforms, thus giving the desired output.

But the cost

would be prohibitive since each unit costs about $15,000. 7

7Hewlett Packard Company Model 5l00A Frequency
Synthesizer, Variable Frequency Section, $10,250.
H. P.
Frequency Synthesizer, Fixed Frequency Section $5,000.
Both units must be used together. Hewlett Packard Company,
1501 Page Mill Road, Palo Alto, California.
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Many other cOmDlercial oscillators of one or just a
few fixed frequencies are available, but the cost would
still be prohibitive to couple several of the individual
units to obtain an output with several harmonics.
Theta Instrument corporation,8 markets an electromechanical device for varying the phase of any electronic
signal, when excited with a fixed voltage at a fixed
frequency whose time phase is continuously controlled by
and read from a dial assembly which may be rotated through
a full 360 0 and its position corresponding with the phase
angle.

These units coupled with simple oscillators of

integral multiple frequencies would provide an excellent
means of synthesizing electronically, but again the cost
would prove prohibitive since the price of the Phase
Generators starts at around $200.
A precision angle/resolver, such as the sine-cosine
mechanism made by General Precision 9 for analog computers,
Gould be adapted to give an electrical output.

In fact, if

a synthesizer giving a mechanical output were desired,
these units would be excellent.

The Librascope model

8Theta Instrument Corporation Model PG-IAT Phase
Generator, $190.00. Th~ta Instrument Corporation, 48 Pine
Street, East Paterson, New Jersey.
9Librascope Sine-Cosine Mechanism, Model number 43,
$85.00. General Precision, Components Branch, 100 East
Tujunga Avenue, Burbank, California.
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accurately converts angular rotating motion into linear
sine and eosine movement.

This is accomplished by utiliz-

ing internal gearing and bearings which make use of the
geometrical fact that a point on the circumference of a
circle rolling within a circle twice its diameter, executes
a simple, harmonic motion along the diameter where it
coincides with both circles.

In operation, the large

circle is built as an internal gear with the small circle
made as a mating pinion with an output pin mounted directly
over the pinion pitch circle.

The pinion gear is mounted

on a disc that is driven by the input shaft.

The pinion

then travels back and forth along the diameter connecting
the two points where the pin is directly over the internal
gear pitch circle.
Again the main obstacle for utilizing these units in
quantity is the price of $85 per unit, with only a maximum
I1throw fl or amplitude of three-fourths of an inch.

CFIAPTER IV
CAPACITOR SYNTI-lliSIZING
In order to carry out the experimentation on
finding the best methods of synthesizing under the parameters
outlined previously, it was necessary to build certain
working models, one of these being a rotating capacitor.
Rotating Capacitor Method
Assillning no fringe effects, the capacitance for a
parallel plate capacitor is

- SJb
x'

(9)

C -

where C is the capac i t ance , €. the permittivi ty of the
medium be tweeri the parallel plates, A the area of the
plates common to each other, and x the separation of the
plates.
The charge on the plates of the capacitor is
q

=C V

(10)

where q is the charge, and V is the voltage impressed
across the plates.

Current is the time derivative of

charge, or
i

=~ •

(11)

Therefore, applying Eq. (11) to Eq. (9) and (10), and
considering everything to be held constant except the
area, it is found that the current is proportional to the
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time rate of change of area, or
i

=ixl dt
dA

(12)

The problem now is to correlate the change of area
of the capacitor to the area under a sine curve as time
progresses.

Also, for the ClITrent, i, to be sinusoidal,

dA must be sinusoidal. One possible method for achieving
dt
this is to have a split stationary plate and a rotating
"base" plate as shown in Fig. 2.

The base plate assumes

a negative charge when it is entirely under the positive
right half of the split plate, and assumes a positive
charge when it is entirely under the negative left plate.
An intermediate charge will appear when the rotating plate
is somewher-e other than entirely under the right or left
plate.

For each complete rotation of the bottom plate,

its charge goes through a complete cycle of positive
polarity to negative polarity and back to positive again.

In order for the waveform of the current to be sinusoidal,
~~ of Eq. (12) must be proportional to the time rate of
change of the area under a sine curve.
From Fig. 3b, page 19, it is seen that the area
of an infinitesimal slice of area under the sine curve
A sin(e) is

Area

= A sin(e)

de

(13)

18

·/ /2. Resistors
Protective

R

Oscilloscope

FIGURE 2

ROTATING CAPACITOR
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Area

(a)

Area

= AsinQ

de

dQ

Asin(Q)
(b)
FIGURJ~

EQU1,.L
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UNDER

3

sum

CURVE
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and in polar coordinates, (Fig. 3a, page 19) the area of
an infinitesimal sector de of an arc wide is

Area

=

r 2 de

2

•

(14)

Equating the two areas, r, the radial distance, becomes
a function of the angle e, or

I'

=,

2A sinCe)

(15)

in other words,

rOC-V sinCe).

(16)

From Eq. (15) and (16), for the output of one
360 0 rotation of the base plate of Fig. 2, page 18, the
shape of the base plate must be similar to that shown in
Fig. 4a.

The output is merely taken across a resistor

R and connected to the vertical input of a cathode ray
oscilloscope.
To achieve the second harmonic, the top "hot", or
split plate is split into four equal sectors and connected
alternately to positive and negative direct current sources.
The area of the base plate must now be proportional to
sin(28) as a function of e, and in general, for the
(n)th harmonic,

(a)

(c)

(b)

(d )

FIGURE 4

••

t

BASE iLATi:: DESIGN
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rOC -.J sin (ne) •

(17)

For integral multiple frequency harmonics, the base plates
of the various harmonics are mounted on the same shaft;
therefore, they will rotate at the same speed.
A working model using the above principles for the
case of only one cycle per revolution of the base plate,
was constructed similar to the design as in Fig. 2, page 18.
A discarded record player motor was used for the drive.
Thin sheet metal was used for the plates; the split halves
being mounted on a piece of plexiglass that was in turn
connected to the plywood frame by means of three springloaded bolts, which permitted adjustment for the separation
of the capacitor.

The base plate was secured to a piece

of plexiglass that was glued to a bushing on the shaft of
the drive motor.

The two power supplies were about two-

hundred volts for each half of the split plate.

'Ilith a

separation of about a half a millimeter and the maximum
area common to the base plate and one of the top plates
being about twelve square centimeters, the maximum
capacitance is about forty-five picofarads.
The current, i, (see Eq. (12), page 17) produced
a sufficient voltage drop across a one-thousand-ohm
resistor (resistor R, Fig. 2, page 18) to display the
resulting waveform on an oscilloscope.
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The resulting waveform obtained from the experimental
model proved to approximate a sine wave fairly well.
However, due to various problems as discussed at the end
of this chapter, the rotating capacitor method was not
chosen as the best method of synthesizing.
Rotating Dielectric Method
Modifying the arrangement of Fig. 2, page 18,
somewhat by making the base plate large and lying under
both of the positive and negative plates, and having the
base plate stationary, another method of varying the
capacitance could be used.
Inserted between the base plate and the charged
plate is a rotating material of high dielectric constant.
The dielectric achieves the same result as with the
rotating base plate, since a dielectric inserted between
the plates of a capacitor increases the capacitance of the
capacitor by the amount of the relative permittivity €r
of the material.
In the case of the rotating dielectric, harmonics
may be obtained by ganging generators on the same shaft
and with the top plates split into 2n equal sectors of
alternate voltage; and the area of the dielcetric will
be cut by the fact that r is proportional to the square
root of sin(e), for the (m)th harmonic.
The shapes of the rotating base plates, or of the

rotating dielectric material for several harmonics are
shown in Fig. 4, page 21.

Fig. 4a is for the fundamental,

4b for t he second harmonic, 4c for t he third harmonic, etc.
The areas for higher harmonics become progressively smaller,
as can be seen in Fig. 4.
Rotating CCU2acitor Drtun Bethod
Employing the same idea as the split plate capacitor,
but having the sides of a cylinder as the stationary
split plates and a concentric rotating cylinder as the
"base" plate, affords certain advantages over the parallel
plate method.

These advantages include larger area of the

plates, thus giving a larger output signal.

Since the

plates are larger, they are easier to construct with a
higher degree of

accu~acy

than in the rotating plate method.

Since construction is easier, even though with appreciably
the same amount of materials, the expense of manufacture
is Lowe r ,
Here, as in the case of the split parallel plate
method, to achieve harmonics the concentric cylindrical
plates are split up into 2n equal pieces for the (n)th
harmonic.

The rotating cylindrical plates are connected

to commutators on a common shaft to all harmonic generating
capacitors.

The output could then be displayed on an

oscilloscope or recorded as mentioned above.
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Phase Control
To save the expense and trouble of constructing
two capacitors for each harmonic to satisfy the a n and bn
coefficients of Eq. (1), the split plate arrangement
could be made to rotate through 3600, thus giving the
phase angle

e

of Eq. (8).

'lith such a phase control,

only one capacitor would be needed per harmonic.
Problems Involved "lJith_ the Capacitor Nethods
stray electric fields due to room lights, etc.,
surrounding the apparatus impress a sixty hertz signal
on the capacitor, cOill1ecting wires, etc.

Even with heavy

steel shielding completely surrounding the equipment,
some induced sixty hertz signal is noticed.

Running the

drive motor on the capacitor by direct current would
possibly reduce some of the interference, but the problem
would still be encountered when connecting the oscilloscope
to the synthesizer.

A display cathode ray tube with its

-associated electronic circuitry could be housed in the
same shielded cabinet as the capacitor, but this would
add greatly to the expense, maintenance, and difficulty of
control of the synthesizer.
Another problem encountered is that the spacing
between the split and "ground" plates, of Eq. (9), page 16,
must remain the same at all times.

If it does not remain

constant, the value of the capacitance of Eq. (9) would

26
not follow a sinusoidal function when the base plate was
in different positions of rotation.
At higher harmonics, the rotating base plate gets
progressively smaller as shown in Fig.

4, page 21, thus

making it more difficult to cut from the raw material.

CHil.PTER V
OTHER PJ.OPOSED hETHODS

Computer Hemory Drum Method
Several surplus computer memory drums are available
to college and university research programs merely for the
.
10
as k 1ng.
Adapting the drwTI for use as a synthesizer merely
requires the recording of sinusoidal signals on the
various tracks, of integral multiple frequencies.

Two

tracks would have the same frequency for each harmonic
desired.

The magnetic read/vrrite heads are spaced

t

of

a wavelength apart on these two similar tracks, therefore the components, an and bn of Eq. (1) may be obtained
by merely controlling the amplitude from each of these tvm
magnetic recording heads by means of potentiometers.
The main problem encountered with this method, is
the recording of a sinusoidal signal on the various tracks,
so that its wavelength is exactly lin of the circlllaference
of the drum, where n is some integer.

10The International Business Machines Corporation,
for instance, makes available to educational research
programs surplus memory drums from their early computers
that are no longer in service.
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Gear and Pulley Methods
.is outlined in Chapter III, several earlier
synthesizers have employed pulleys, gears, and springs to
achieve the desired harmonic components, but these machines
only give a mechanical output.

One possible method of

converting the mechanical output motion into electrical
information, woul.d be to couple a linear potentiometer
to the output drive shaft.

Therefore, as the wiper on the

potentiometer is made to move, it lets more or less
voltage appear across the output terminals and thus the
varying voltage could be displayed on an oscilloscope quite
conveniently.
F.lectronic Methods
Generation of sinusoidal signals by means of
electronic components such as vacuum tubes or transistors
and the associated resistors and capacitors is common in
practically all fields of electronics.

Obtaining harmonics

-requires merely the application of frequency multipliers
and dividers.
Frequency mUltipliers and dividers are found in
such diversified areas as:

radio and television trans-

mitters, frequency standards, electronic organs, electronic
computers, clocks for digital equipment, and many more.
Most frequency mUltipliers wor-k on the principle of

29
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harmon~c

genera t.~on. 11

Multiplication is accomplished by

taking the sine-wave signal to be multiplied and distorting
it so that the resulting distorted signal contains a harmonic
equal in frequency to that of the desired higher frequency.
A frequency-selective circuit is then used to pick out the
desired frequency from the distorted signal.

One way to

mul tiply a sine-wave signal wou.l.d be to shape it into a
square wave and apply the square ueve to a high-tlQIl resonant
circuit 1 2 tuned to the desired odd-harmonic frequency.
Almost any non-linear circuit that "Jill distort
a sine wave can be used to accomplish frequency multiplication.

In addition to diodes, iron-core inductances which

also have non-linear characteristics are used to produce
harmonics.

The harmonic generator with the greatest

flexibility, however, is the non-linear amplifier.

A

class C amplifier has non-linear characteristics and most
frequency multipliers are specially designed class C
amplifiers.
The only difference between an ordinary class C
amplifier and a frequency multiplier is in the tuned
circuit.

In the class C amplifier, the resonant circuit

is tuned to the input frequency.

In the frequency

llLouis E. Frenzer, Jr., "Frequency Multiplication
and Division, n Electronics \,'lorld, LXX (September, 1963), 53.
12Ibid.
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multiplier, the resonant circuit is tuned to the desired
harmonic.

The plate current pulse shock-excites this

tuned circuit at the desired harmonic frequency.
Vacuum tube class C amplifier frequency multipliers
can provide satisfactory multiplications up to approximately
twenty. 13

The greater the multiplication, however, the

lower the efficiency and output power.

Transistor class

C amplifiers also make good frequency multipliers.

They

can be used to provide multiplication up to about ten with
good efficiency.

Such frequency multipliers are found in

a number of modern frequency standards, in citizens band
transceivers, and in Low-power telemetry transmitters that
are employed for satellite and missile work ,
Sinusoidal frequency division can be accomplished
by using a synchronized oscillator, known as a locked
oscillator divider.

The oscillator is designed to operate

at the submultiple frequency desired.
d~vided

is applied to this oscillator to synchronize the

oscillator at the proper frequency.
'i

The signal to be

Such a divider is

relatively simple and can wor-k over a vride frequency range.

j

Generally, dividers will usually be simpler and less
expensive than multipliers.
precise.

13Ibid., p , 54.

Dividers are also much more
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Applying these

~arious

dividers and multipliers to

a fundamental would achieve the desired outputs for a
synthesizer, except that cosine signals are also required.
If the phase of each harmonic could be continuously varied
through a full 360 0

,

then only the sine harmonics would

be required when applied in Eq. (8).
The familiar RLC network will permit phase variance
through almost 90 0 each side of the reference, therefore,
if the sinusoidal signal is applied to a vacuum tube or
transistor, a full 360 0 phase variance may be obtained.
From -90 0 to +90 0 from the cathode side of the tube, and
90 0 to 270 0 from the anode side of the tube.

The emitter

and collector of a transistor correspond to the cathode
and anode respectively of the vacuum tube.

To achieve any

degree of precision, however, the phase variance networks
would be prohibitively expensive as reported in Chapter III,
in the case of the phase gener-at c r s manufactured by Theta
~nstrument

Corporation.

Additional circuitry would be required to synchronize
each harmonic, so that the signals would be in phase so
that varying their output signal by a phase-control wouLd
have some meaning.
The ease of operation of this type of synthesizer
would be at an optimum level; but if a high degree of
precision is to be adhered to, it would be very expensive to

construct.

CHAPTER VI
PHOTOELECTRIC

1,JET~-rUD

\Ihen light, directed through a transparent mask
whose area varies as a sine function, falls on a photoelectric tUbe, the current through the photoelectric tube
varies as a sine function vh i.ch may be conveniently displayed on an oscilloscope.
Introduction
One method of obtaining sine functions employing
the photoelectric tube method is to use a transparent
cylinder completely blackened except for sine wave areas
dr-awn around the c Lr-cumt'or-anca , whLch permit light to shine
through the area of the sine vev e ,

If the cylinder is

rotated at a constant speed, the light coming to an observer
looking in through the clear sine curve area of the cylinder
varies in intensity as a sine function IIi th frequency nk ,
where n is the number of revolutions per second of the
cylinder and k is the number of complete cycles of the sine
wave on the drum's circumference.
must be an integer.)

(Note that the nwnber k

A source of light is placed at the

center of the cylinder, and a stationary phot?electric tUbe
is placed outside of the cylinder so that the light shining
through the transparent sine curve area will strike the
phototube.

As the cylinder is rotated by a motor, the

33
light intensity striking the cathode of the phototube \'Jill
vary as a sine function.

See Fig. 5 for a pictorial

representation of this method.
Collimation slits are placed inside and outside the
cylinder to insure that the phototube's current is as
nearly a sine function as possible.

That is, the slits

are placed perpendicular to the axis of the sine curve.
Fig. 5a shows an end view of the transparent cylinder with
the slits and phototube, and Fig. 5b, the arrangement in
a pictorial view.

The narrower the slit, the more nearly

is the current of the phototube a sine function.

Of course,

the slit connot be made too narrow, or it vlill not permit
enough light to reach the phototube.
To vary the phase of t.he sine \'lave picked up in the
photoelectric tube, the phototube itself could be moved
concentric to the axis of the rotating cylinder, through

360 0 of the wavelength of the sine wave drawn on the
cylinder, for a full 360 0 phase variance as prescribed by
Eq. (8), page 7.

However, this requires elaborate linkages

etc. for the movement of the phototube.

Therefore, it is

more practical to have two phototubes spaced
length apart.

t of a wave-

In this application, the output amplitude of

one tube corresponds to the coefficient factor an and the
output amplitude of the other tube corresponds to the ampli-

•e
•

tude coefficient bn of Eq. (1) •
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After considerable experimentation, this method
was chosen as the best method of synthesizing Fourier
series, for the following reasons:

ease of construction,

Low maintenance, ease of adjustment, comparatively Low
cost, and no requirement for complicated electronic
circuits or mechanical devices.
To achieve harmonics of the fundamental sine wave,
sine I/iaves of integral multiple frequencies are scribed
on the drilln's circumference also.

Stationary phototubes

receiving light in exactly the same manner as for the
fundamental have a current uith a frequency of m times
the frequency of the fundamental, where m is the harmonic
number.
Experimental J>10del
There are many ways to add the output of the
phototubes.

However, the schematic of Fig. 6 shows one

of the vTays that was used on the experimental model and the
method used in the refined and more precise model.
The experimental model employed a rotating cardboard tube
covered with aluminum foil.

On top of the foil was glued

black paper with a sine wave cut out.

Where the sine wave

was cut out, light from an overhead spot light was reflected
into a phototube; thus the tube's current was a sine function as described above and as used in the final model.

..

Narrow collimation slits were placed so that only
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a nar-r-ow beam of light -\'las reflected by the aluminum foil
surface.

The phototubes were adjusted so that they

intersected the reflected narrow light beams.
On the experimental model, there is only one phototube per sine wave on the cardboard drum, and it is fixed
in position; therefore, phase variation experimentation is
somewhat hindered.

But when the screws holding the

phototubes are removed, and the phototubes moved through
the distance of a wavelength of the sine curve on the
rotating cardboard tube, the theoretical result as predicted
by Eq , (8), page 7, is obtained.
The experimental model exhibits many problems and
"bugs" that need to be eli:ninated.

One of these bugs showed

that the light sources must be of constant intensity, since
ordinary light bulbs connected to the 110 volt a.c. lines
caused the intensity to vary up and down 120 times per
second, thus giving an undesirable signal in the current of
tbe phototube of 120 hertz.

To eliminate this signal, the

bulbs must be supplied Hith direct current.

In the lab-

oratory where the experimental model was being operated,
supposably 110 volts d ;c , is available.

Howevar , this

voltage is a rectified a. c. "house" voltage wLth poor
filtering.

Therefore, additional filtering utilizing the

traditional choke and capacitor was required.

With the

addition of these filters, the current is then appreciably

constant.
Another major problem of the experimental model and
of many electronic circuits, is the pickup of stray
electromagnetic radiation by the cOlLnection wires.

Shield-

ing and grounding of the appropriate connecting wires
eliminated most of the interference signals.
It

\JaS

found from the experimental model, that sine

waves below about five hertz cannot be displayed conveniently
on a standard oscilloscope.

Only special and high-priced

oscilloscopes can accomrnodate such sl01v signals, since the
standard oscilloscope has too high a sweep time for these
s Low signals.
Final Model
In the final model, instead of having the sine curves
as reflecting surfaces, they are transparent areas scribed
on the circumference of a rotating, coated plexiglass
cylinder.

The cylinder is four inches in diameter and

twelve inches long.

The length conveniently accommodates

ten sine curves (or harmonics) of one-centimeter maximum
amplitude.

Host complex wave rorms may be fairly weLl,

approximated with the first ten or so harmonics; it was
decided, therefore, to construct only the first ten harmonics
on the final synthesizer.
Light Sources
The best design for the light source is a tubular
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lamp running the length of the transparent plexiglass
cylinder.

The first thought coming to a person's mind is

that a fluorescent tube is the ideal light source, since
it is tubular in shape, cool in operation, and inexpensive
to operate.

HOHever, fluorescent light gives a very notice-

able 120 hertz flicker when operated on alternating current.
To eliminate this flicker, fluorescent lamps may be operated
on direct current if desired, but this practice is not to
be

reco~Knended

except as a temporary measure.

On direct current the choke loses its value as a
current-limiting device, but it is still necessary to provide
the voltage surge necessary to start the lamp.

A stabil-

izing resistance has to be inserted in series with the
choke in order to absorb the difference between the line
voltage and the correct lamp voltage.

This resistance

was t e s sornewhat more power than is consumed by the lamp.
Thus, even if equal light output is received, the efficiency
i~

approximately halved when working on direct current.
It is found that after a fluorescent lamp has been

operated on direct current for a short time, there is an
obvious reduction of light output from one end of the tube.
This is caused by migration of the mercury from the positive
end of the tube to the negative end, and may become noticeable after half-au-houris operation.

The process will

continue until the light output of the positive half of the

4-0
tube is very

serious~y

reduced.

Reversing the polarity of

the lamp will affect a temporary correction, but the process
starts again in the opposite direction.
From the preceding, it is seen that using a fluorescent lamp would add too many difficulties, but a tubular
lamp is still desired.

Operating an incandescent lamp

on direct current poses no problems since direct current
must be available for the phototubes anyVlay.

Lumiline

tubes made by the General Electric Company work very well.
They are available in convenient power ratings such as
forty and sixty watts.

The Lumiline tubes operating on

direct current provide a constant source of light.
Sine Curves
One of the problems encountered whl Le building a
synthesizer of this design "vas the dr awLng of the sine
curves on the transparent cylinder.

The method employed

for the final model was to plot a sine curve on graph paper,
then transfer it to a piece of paper the same length
i

as the circumference of the cylinder.

The paper was then

.:1
-'1

il

taped to the cylinder and the curve was scribed onto the

(I

ij

~

plexiglass tube by cutting through the curve on the paper

I

into the plastic.

Once all of the curves were etched into

the plastic, flat black paint (Tester I s Flat Black 7f49) was
applied to the tube between the various sine curves.
etched line provided a good barrier for the paint.

The
With
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careful application, the paint flowed into the cut but did
not flow out on the other side of the etched line, leaving
the sine area uncoated.
Plexiglass Tube
The plastic tube is carried on four idler wheeLs of
,~~J1432),

the type used in phonographs (Jensons

t.wo at each

end of the tube, and spaced about fifty degrees apart as
shown in Fig. 5a, and 5b, page 34.

The cylinder is held

in place by two idler wheels, with their planes of rotation
parallel to the axis of the plexiglass tube.

One is fixed

in position at one end of the tUbe, and the other one is
spring loaded at the other end of the tUbe as shown in
Fig. 7.

A motor located beneath the cylinder and connected

to it with a rubber !lo-ring" drives the tube.

There is

enough tension on the driving belt, or o-ring, to hold the
tube against the four idler Ivheels.

A shallow semicircular

:.;
)1

il

~

groove for the rubber belt, located midway of the tube, is
cut on its circumference with a lathe.

This groove is shown

in Fig. 7.
The unit is housed conveniently in a frame, eighteen
inches high and wide, and twelve inches deep, made with
half-inch square steel bar stock, secured at the corners
with machine screws.
Photoelectric Tubes
Photoelectric tUbes are spaced

t

of a wavelength
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apart above each sine curve, giving the an and bn coefficients
of Eq. (1).
A 925 vaCUUlll photoelectric tube was chosen because
its spectral response is 81.

That is, it is most sensitive

to light with a wavelength of seven-thousand to nine-thousand
angstroms.

Also, it operates wl t.h an anode-supply voltage

from about twenty-five volts to a maximum of tvlo-hundred
volts (direct current.)

Thus, the 120 volts direct current

power supply available in most physics laboratories will
supply not only the phototubes, but ".Jill also solve the
problem of supplying 110 volts, d. c. to the Lumiline light
tube.

If 110 volts d. c. is not available, it is only a

matter of constructing or purchasing an inexpensive power
supply.
The amplitudes of the phototubes' outputs are
controlled by 200,000 ohm potentiometers.

(Rl a' Rl b' R2a,
The subscript " a" implies

R
etc. of Fig. 6, page 36. )
2b,
that that particular phototube is for the an coefficient of
Eq. (8), and the subscript "b l1 means that that particular
tube is for the bn coefficient of Eq. (8). The nwnbered
sUbscripts (1, 2, 3, •.. 10) designate that that tube is
for the first, second, third, etc. harmonic.

All phototubes

used are 925' s ,
Shielded wire is required for the cathode connecting
wires to reduce "noise" from outside electromagnetic
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radiation.

The anode connecting wires do not require the

shielding since a fluctuation of even several volts does
not affect the t ube s I currents if they are operated wel.L
above their saturation point.

The 110 operating voltage

is well above this point.
The addition of more harmonics could be accomplished
in several ways.

One way is to have several rotating

cylinders similar to the one described above, but with
higher harmonics.

The main difficulty is drawing the sine

waves of short wavelengths onto the tubes.

Then, of course,

the one cylinder could be made longer and many more sine
curves could be drawn on the same cylinder.
Problems
Several problems were encountered whLLe designing
and constructing the final model, the main one being the
dr awf.ng and scribing of the sine curve on the plastic
cylinder, as mentioned above.
Another problem is the spacing of the collimating
slits so that they line up exactly and are at the right
position inside and outside of the cylinder.

Trial and

error, and accurate measuring are about the only solutions
to the problem.
Alternate Method
When using the principles of the photoelectric tube
method, there are several advantages to putting the sine

waves on a disc.

·

That is, a round disc of clear material

such as glass or plexiglass is rotated about its central
axis perpendicular to the plane of the disc.

The sine waves

are scribed concentric to the disc's rotational axis, with
the lower harmonics closer to the center of the disc.

The

fact that the higher harmonics are farther out on the disc
means that they will be traveling faster than the closer-in
harmonics, thus not requiring such a short wave l.eng th ,
The main disadvantage is in the difficulty of scribing the
sine waves on the disc.
Sununary
For approximately $100, the final model was constructed ,

This amount should be vTithin the budget of any school

or industry wishing to construct a Fourier series synthesizer
for a teaching aid and/or research device.

CHAPTER VIr
SU}1}L1RY

Synthesization of periodic waveforms has varied
applications in mathematics and science education, and in
industrial research.

Devices for synthesizing complex

waveforms using the Fourier series method have been constructed for specialized applications only.

It was the

object of this study to devise and construct a Fourier
series synthesizer that would approximate any periodic
ivaveform desired as an electrical signal which may be conveniently displayed on an oscilloscope.
Extensive experimentation was conducted to find an
inexpensive yet accurate method that woul.d satisfy the
requirements for a teaching aid as well as for a limited
research tool.

Investigations consisted mainly of two

methods of synthesizing:

the rotating capacitor method,

. and the photoelectric t ube me t hod ,
The rotating capacitor method consisted of rotating
a flat piece of metal alternately under positively and
negatively charged plates.

The rotating plate assumed

an opposite charge to that of the plate which it was under
at the time.

\Then the rotating plate was of a certain

shape, the alternating current through the capacitor
displayed on an oscilloscope was found to be quite close
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